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Executive Summary 

This deliverable presents the last results concerning the more advanced algorithms studied in WP3. In 

particular, it constitutes the last input for system level evaluation in WP5. This deliverable includes 

specifications and performance results achieved. These algorithms correspond to the work performed 

in the work package WP3 (PHY layer algorithms) during the project.  

The reference systems mainly addressed by CODIV for the evaluation and validation of the proposed 

cooperative diversity techniques are the emerging standards WiMAX and LTE.  

We can note that preliminary algorithm descriptions and performance results were provided in 

previous WP3 deliverables [D3.2a], [D3.2b], [D3.3a], which were delivered during the project. 

Moreover, to limit the size of this document D3.3b, it was decided not to include all algorithms and 

results already in previous deliverables. In particular, some advanced algorithms described in [D3.3a] 

and for which the study was considered to be finished are not included in D3.3b. The reader is invited 

to read [D3.3a] to have a complete view about the algorithms studied in CODIV project.  

 

The algorithms studied in D3.3b address the following items, in the framework of cooperative 

communications: 

¶ Cooperative Relay assisted schemes (chapter 2) 

¶ MU-MIMO (chapter 3) 

These chapters (2 and 3) intend to present practical algorithms and schemes that will allow to increase 

performances by the use of cooperation between different nodes (user terminals and relays, dedicated 

or not).  Each item includes a framework presentation, an algorithm description and an evaluation of 

the performances. Moreover, in order to allow system simulations in WP5, the way to adapt the 

general methodology to derive an abstraction model will be provided for some of the algorithms. 

These abstraction models shall allow fast PER calculation from the channel characteristics.  

Chapter 1 provides a very general introduction to this document.  

Chapter 2 addresses the cooperative relay assisted schemes.  

Section 2.1 describes a novel data precoded relay-assisted (RA) algorithm, which can achieve full 

spatial diversity, obtaining a coding gain in comparison with the equivalent distributed SFBCs scheme 

and maintaining the same spectral efficiency of the equivalent non-cooperative system.  

Section 2.2 provides a study of channel estimation algorithms designed for downlink distributed 

SFBC RA schemes proposed in [D3.3a].  

Section 2.3 deals with a new code design for LDPC coding schemes distributed over a source and a 

relay.  

Section 2.4 presents and analyzes the spectral efficiency performances provided by a set of LDPC-

coded configurations which use different cooperative algorithms, different coding rates and different 

QAM modulations on the component links of the cooperative transmission.  

Section 2.5 describes and presents some BLER performance evaluation of DFEC-RM cooperation 

algorithm that is connected to the rate-matching mechanism used in LTE-A.  

Section 2.6 presents and evaluates the performances obtained by the combined employment of two 

cooperative approaches, namely the Distributed Space-Frequency Coding (DSFC), used in VAA 

schemes, and the DFEC coding. 
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Chapter 3 addresses the MU-MIMO algorithms.  

Section 3.1 concerns a new MU-MIMO scheme, called double SC-SFBC, which we proposed for the 

uplink of 3GPP/LTE. A complete theoretical analysis was made for the decoder design, especially a 

precise calculation of the LLR. SINR measurement results together with additional results on the 

abstract model confirmed the validity of the theoretical development.  

Section 3.2 investigates a cooperative communication scheme where two user terminals (UTs) each of 

them equipped with one or two transmit antennas, communicate in the UL with the BS equipped with 

two to four receive antennas, and when the SNRs of the users are unbalanced. It is proposed the use of 

transmit precoding at the UTs and linear decoding augmented with successive cancellation at the BS 

and it is shown that this combination can support simultaneous parallel transmissions while 

preserving almost intact the quality of the individual userôs links even though they use the same time 

and frequency resources.  

 

Chapter 4 (Conclusions and future work) concludes this deliverable with a detailed review of the 

different contributions.   



CODIV   D3.3b 

14/127 

1 Introduction  
Chapitre d'équation 1 Section 1 

The main goal of the CODIV project is to investigate and develop technologies that would enhance 

the performance of wireless communication systems, employing the inherent diversity of radio 

channels (channel diversity), by considering as well the cooperation between users (multiuser 

diversity) or the diversity offered by dedicated relays. The expected improvement in the performance 

of radio systems pursued by CODIV technologies will come in terms of higher bit rates and spectrum 

efficiency, and decreased (enhanced) power consumption, as well as coverage extension and fairness. 

Equation Chapter 1 Section 1 

In short, this deliverable along with its preliminary version D3.3a (month M21 of project) as Figure 

1-1 shows, aims at presenting advanced PHY layer algorithms and results that will allow improving 

communication performances by use of cooperation  and multi-user diversity. Moreover, for a 

selected set of key physical algorithms studies in WP3, it aims at producing the set of inputs and 

starting points needed for system level simulations in WP5.  
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Figure 1-1: WP interdependencies 

 

To meet all these goals, the rest of this document is structured as follows. Chapter 2 addresses the 

cooperative relay assisted schemes. Chapter 3 addresses the MU-MIMO algorithms. Finally, the 

deliverable is concluded in Chapter 4, where the work is summarized in details. 
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2 Cooperative Relay assisted schemes 
Chapitre d'équation 2 Section 2 

2.1 Data precoded relay-assisted systems 

2.1.1 Scenario  

In this section we describe a novel data precoded relay-assisted (RA) algorithm, which can 

achieve full spatial diversity, obtaining a coding gain in comparison with the equivalent 

distributed SFBCs scheme, maintaining the same spectral efficiency of the equivalent non-

cooperative system. This algorithm was referred previously in [D3.3a], however it is now 

extended to the case of the 2 considered relays having either 1 or 2 antennas. We also derive 

analytical pairwise error probability (PEP) and diversity order for the relaysô single antenna 

case as well as the theoretical gain expected in comparison with distributed space-frequency 

block codes (SFBCs). Numerical results are presented for realistic scenarios, according to 

LTE parameters. Part of this work has been submitted to [Teo]. 

In cooperative systems, transmission of a data rate equivalent to that of a modulation 

technique with m bits per symbol in the case the direct link would be available from the BS to 

the UT would require the use of a constellation with 2m bits per symbol, because of the half-

duplex constraint at the relays. This would imply a penalty in the power efficiency. 

In order to get both full spectral efficiency and diversity, we propose a novel algorithm where 

the data symbols are precoded, prior to the sourceôs transmission to the RNs. The data 

information received and transmitted in each time slot is exemplified in Table 2-1, for the case 

of single antenna RNs (RA Precoded 2×1×1). Precoding was chosen so that diversity can be 

achieved without the need of exact duplication of the signal. In this cooperative algorithm for 

the 2-antennaôs relays scheme (RA Precoded 2×2×1), the signals transmitted by the 2 antennas 

are space-frequency encoded using the Alamouti coding. Assuming uncorrelated antenna 

channels, a diversity order of 4 can be achieved.  

Table 2-1: Transmitted (lighter  cells) and received (darker  cells) signals corresponding to each 

node of the RA Precoded 2x1x1 scheme. 

Ts 1 2 3 4 5 é 2k-1 2k 

BS s1 s2 s3 s4 s5  s2k-1 s2k 

RN1 s1 s1 s3 s3 s5  s2k-2 s2k 

RN2  s2 s2 s4 s4  s2k-1 s2k-1 

UT  y2 y3 y4 y5  y2k-1 y2k 

 

Also there is no need to transmit through the direct link, in alternative to the non-orthogonal 

algorithms proposed previously. This is beneficial for most scenarios, since the direct link is 

usually most strongly affected by path loss or shadowing. In this algorithm, we perform 

precoding of the data symbols prior to transmission, and posterior decoding at the UT by 

using Viterbi algorithm.  

The system considered consists of 1 BS, 1 UT and 2 RNs. BS is equipped with 2 antennas and 

UT with a single antenna, whereas RNs have M antennas each, with { }1,2MÍ , being referred 
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as RA 2×M×1 (Figure 2-1). Channels are modelled by Rayleigh flat-fading channels and are 

represented by 
,br qlmh  for the link formed between the q

th
 antenna of BS and the m

th
 antenna of 

RNl, and by 
,ru lmh  for the link between the m

th
 antenna of RNl and UT, with q=1,2, l=1,2 and 

m=1,..., M. 

 
Figure 2-1: System model for the RA scheme with 2 RNs and M antennas at each relay (RA 

2×M×1). 

We further assume that each relay node is capable of deciding whether or not it has decoded 

correctly. If a RN decodes correctly, it will forward the BS data in the second phase, otherwise 

it remains idle. This can be achieved through the use of cyclic redundancy check codes. This 

performance can also be approximated by setting a signal-to-noise ratio (SNR) threshold at 

both RNs; the RN will only forward the source data if the received SNR is larger than that 

threshold [Jin06]. 

2.1.2 Algorithm description  

Let us assume that the source produces a sequence of symbols {xk}, each one carrying m 

information bits. The BS transmitter precodes successive pairs of symbols {xk, xk-1}, using a 

bijective function F(xk, xk+1). The precoded symbols, sk, are alternately transmitted to the two 

relays, allowing that each symbol reaches the UT through two independent links. When one of 

the links fails, the bijectivity allows recovering the original symbols QPSK, as shown in 

Figure 2-2. 

 

Figure 2-2: Pairs of symbols alternately transmitted to each relay, according to a bijective 

function F(xk, xk+1). 

In the case that original symbols are QPSK, one can use a simple precoding operation that 

relates QPSK and 16-QAM, obtaining the symbols transmitted by the BS given by 

é 
xk 

F(x0, x1) 

F(x1, x2) 

F(x2, x3) F(x4, x5) 

F(x3, x4) F(x5, x6) 

RN1 

RN2 

BS 

RN2 

hru,1m 

RN1 

UT 

hbr,q1m 

hru,2m 

hbr,q2m 
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 1

1

2
k k ks x xa +

å õ
= +æ ö
ç ÷

, (2.1) 

where xk is the k
th
 QPSK symbol of the original sequence information, with unitary power; Ŭ 

is a normalization factor, so that the average transmitted power be 1, in this case 

being 2 5a= . From (2.1), we can easily recognize that each symbol sk is a 16-QAM 

symbol. However, the receiver will interpret it as a sum of 2 QPSK symbols, allowing, 

because of the fact that each QPSK symbol is received through two paths, to bring the 

performance close to the one that would be achieved if the QPSK symbols were transmitted 

continuously.  

In the proposed precoded algorithm, while BS transmits data continually to the RNs, relays 

transmit and receive alternately: RN1 transmits in even time slots, or symbol duration, while 

RN2 receives; RN2 transmits in odd time slots, during the reception period of RN1 (Table 2-1). 

At the UT, we use the Viterbi decoding algorithm to separate the QPSK data symbols, since it 

is the optimal decoding method. In the following the signal expressions and methods are 

presented in detail, separately for each scheme. 

A. RA scheme with 1 antenna at relays 

The received signals at UT, when we have a single-antenna at each relay, in time slots 2k and 

2k+1, are given by 

 

2 ,11,2 2 1 2 2

2 1 ,21,2 1 2 2 1 2 1

1

2

1

2

k ru k k k k

k ru k k k k

y h x x n

y h x x n

a

a

-

+ + + +

ë å õ
= + +æ öî

î ç ÷
ì

å õî = + +æ öî ç ÷í

, (2.2) 

where , 1, 1 , 1,

R

ru l k l ru l kh hb=  represents the cooperative channel for links RNlĄUT; , 1,

R

ru l kh  is the 

complex flat-fading Rayleigh channel realization for time slot k, with unit average power and 

1lb representing the long-term channel power; 2 1kn +  and 2 2kn +  are the zero mean complex 

additive white Gaussian noise samples with variance of 2

ns . 

It is easy to see that the proposed scheme has a trellis structure for the transmission of the 

QPSK symbols kx . As the code is linear we can assume that symbol 0 (algebraically as (0,0)) 

is transmitted. An error event can be recovered in two steps as shown in Figure 2-3. The 

distance for the path that erroneously will recover x instead of 0 is given by (2.3), where 

( ),d 0 x is the distance between the QPSK symbols 0 and x. The minimum distance between 

two diverging paths is 

     ( ) ( ) ( )

2

2
, 1,2 2 2

, 3 1,RA-Prec
,

4

ru l k

ru l k

h
d d ha

-

å õ
æ ö= +
æ ö
ç ÷

0 x .       (2.3) 



CODIV   D3.3b 

18/127 

 

Figure 2-3: Trellis code for RA Precoded scheme between symbols 0 and x. 

As the error events can start at an odd or even time slot, the minimum distance is given by  

 ( ) ( )

( )

2
2

2 2 , 3 1,, 1,2 2 2

min min , 1,, 3 1,RA-Prec
min , ,

4 4QPSK

ru l kru l k

ru l kru l k

hh
d d h ha

-

-

å õå õå õ
æ öæ öæ ö= + +æ öæ öæ öæ öæ öç ÷ç ÷ç ÷

  (2.4) 

where minQPSK
d  is the minimum distance of the QPSK constellation. 

Assuming that we use the RA scheme with Alamouti [Ala98], the minimum distance of the 

received QAM constellation, is given by 

 ( ) ( )

2 2
22min2

min , 1 , 3 1RA-Alam 4

QPSK

ru l ru l

d
d h h

a

-

å õ= +æ ö
ç ÷

. (2.5) 

Let r be the ratio between the minimum and maximum of the channel power gains, i.e., 

 
( )

( )

22

, 1, , 3 1,

22

, 1, , 3 1,

min ,

max ,

ru l k ru l k

ru l k ru l k

h h

h h

r
-

-

å õ
æ ö
ç ÷=
å õ
æ ö
ç ÷

. (2.6) 

Then, when the channel power gains exhibit an asymmetry with ratio r, the asymptotic 

channel coding power gain of the proposed scheme, relative to the distributed Alamouti, is 

given by 

 
1 4

10log
1

G
r

r

å õ+
= æ ö

+ç ÷
. (2.7) 

Therefore, the proposed scheme asymptotically achieves the performance of QPSK, in the 

case of high SNR and when the channels have equal average power gain, i.e., an improvement 

of 4 dB relatively to 16-QAM; taking r to 0, the performance will be that of distributed 

Alamouti, as we have only one path, reducing to a 16-QAM demodulation situation. 

The gain, as a function of the channel power gains ratio is represented in Figure 2-4. 

1ku -  
ku  1ku +  

(), 1,

1

2
ru l k

ha
å õ
+æ ö

ç ÷
0 x  ( ), 3 1,

1

2
ru l k

ha
-

å õ
+æ ö

ç ÷
x 0  

(), 1,

1

2
ru l k

ha
å õ
+æ ö

ç ÷
0 0  ( ), 3 1,

1

2
ru l k

ha
-

å õ
+æ ö

ç ÷
0 0  
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Figure 2-4: Coding gain obtained with RA Precoded in relation to RA Alamouti, for 2×1×1 

system. 

The trellis code of the proposed scheme is represented in Figure 2-5. According to (2.1), we 

have defined four states, ku UÍ , ( )( )( )( ){ }0,0 ; 1,0 ; 0,1 ; 1,1U = , which are basically the QPSK 

symbols, whereas the transmitted QPSK symbols kx  are simply the scaled bipolar versions of 

ku , so that they have the required power. 

The weight associated with a state transition from 1ku -  to ku  is defined as ( )1 1,k k ku ul- - . As 

we have alternate transmission through RN1 and RN2, the weights depend on the instant k and 

are given by 

 ( )1 1 , 1, 1

1
,

2
k k k ru l k k ku u h u ul a- - -

å õ
= +æ ö

ç ÷
, (2.8) 

with l=1 if k is even and l=2 if k is odd; ku  represents the QPSK soft-symbol associated with 

ku , i.e., 

 () ()
1

2 1 2
2

k k k

j
u u ju

+è ø
= + -é ù

ê ú
. (2.9) 
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Figure 2-5: Trellis code for precoded algorithm. 

For each state, there are 4 branches arriving at each symbol. The Viterbi algorithm is then 

used to find the most probable sequence [Vit67], with the Euclidian squared distance given by  

 ( ) ( )
2

1 1, ,k k k k k ku u y u un l+ += - . (2.10) 

B. RA scheme with 2 antennas at relays 

For the case of RNs being equipped with 2 antennas (M=2), the signals transmitted in each 

relay are encoded in space-frequency using Alamouti code. The received signals at UT, in 

time slot k, for adjacent subcarrier p and p+1, are given by 

 

( )

( )

1*

1 , 1, 1 , 2,

1 1 * 1

1 , 2, 1 , 1,

1

2

1

2

p p p p p p

k k ru l k k ru l k k

p p p p p p

k k ru l k k ru l k k

y s h s h n

y s h s h n

+

- -

+ + +

- -

ë
= - +î

î
ì
î = + +
îí

, (2.11) 

with l=1 in odd time slots and l=2 in even time slots, where , ,

p

ru lm kh  represents the complex 

flat-fading cooperative Rayleigh channel of the m
th
 antenna of RNl and UT, on time slot k and 

p
th
 subcarrier position. Channels are considered flat for adjacent subcarriers, i.e., the 

subcarrier separation is significantly lower than the coherence bandwidth of the channel. 

At the UT, the SFBC decoding is performed, using coefficients , , ,2p p

lm k ru lm kg h= , as follows: 

 

* 1*

1, 2,

1 * * 1

2, 1,

Ĕ

Ĕ

p p p p p

k l k k l k k

p p p p p

k l k k l k k

y g y g y

y g y g y

+

+ +

ë = +î
ì

=- +îí

. (2.12) 
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The obtained decoded symbols, expressed as 

 ( ) ( )
2 2

* 1*

, 1, , 2, 1 , 1, , 2,

1
Ĕ 2

2

p p p p p p p p p

k ru l k ru l k k k k ru l k k ru l ky h h x x n h n ha +

-

å õ
= + + + +æ ö

ç ÷
, (2.13) 

are then object of Viterbi decoding used to find the most probable sequence, similarly to the 

previous scheme, with the corresponding trellis code weights for time slot k given by (2.14), 

and with ku  represented in (2.9). 

 ( ) ( )2 2
1

, 1, , 2,

1
,

2

p p p p p p p

k k k ru l k ru l k k ku u h h u ul a+ å õ
= + +æ ö

ç ÷
 (2.14) 

C. Error Probability and Diversity Gain Analysis 

Let us compute the probability of an error event as shown in Figure 2-3, i.e., assuming that the 

transmitted symbols correspond to the all-zero path, the probability that in decoding an 

incorrect path is taken at time k and remerges at time k+2. This represents a lower bound on 

the actual probability of error, which is accurate for medium to high SNRs. Dropping for 

simplicity the subscripts ru,m,k in , ,ru lm kh  and assuming without loss of generality 1 2h h² , the 

minimum distance between the two segments is given by 

 ( )2 22 2 2

min min 1 24
QPSK

d d h ha= + , (2.15) 

where min 2
QPSK bd E=  is the minimum distance for QPSK modulation. 

The PEP for general QPSK modulation and coherent detection [Gol05], under perfect 

synchronization, is given by 

 min

0

1

2 2
e

d
P erfc

N

å õ
= æ ö

æ ö
ç ÷

, (2.16) 

where ()
22 u

z

erfc z e du
p

+¤
-= ñ  is the complementary error function. 

Replacing in (2.16) mind  by the expression in (2.15), we obtain the conditioned error 

probability for M=1 

 
( )

( )
1 2

2 22

1 2

| , 1 2

0

41 1

2 2

b

e h h

E h h
P erfc erfc

N

a
n n

å õ
+æ ö

= = +æ ö
æ ö
ç ÷

, (2.17) 

where 
2

1 1
4

h
g

n= , 
2

2 2hn g=  and 2

0

bE

N
g a= . The variables inare i.i.d. and follow an 

exponential distribution with with means 1
4

g
n=  and 2n g=  and the respective probability 

density function (pdf) is  
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For the proposed scheme we then get the unconditioned probability of error as the following 

expression 

 ( ) () ( )
1 21 2 1 2 1 2

0 0

1

2
eP erfc f f d dn nn n n n n n

+¤+¤

= +ñ ñ , (2.19) 

which, by replacing the pdf expressions of 1n and 2n  in (2.19), can be simplified to 

 ( )
1 24

1 2 1 22

0 0

2
eP erfc e d d

n n

gn n n n
g

++¤+¤
-

= +ñ ñ . (2.20) 

Integrating the previous equation, the final expression for PEP of the proposed scheme is 

extracted: 

 
1 4 1

1
2 3 1 3 4

eP
g g

g g

å õ
= - +æ öæ ö+ +ç ÷

. (2.21) 

Expressing the error probability expression as a function of 1x g-= , a simplified expression is 

obtained 

 ( ) ( )
1 1

2 2
1 2 1

1 1 4
2 3 6

eP x x
- -

= - + + + . (2.22) 

Expanding this expression as a Mac-Laurin series up to order 2, (2.22) reduces to  

 ()2

2

3

4
eP x r x= + , (2.23) 

where ()2r x  is the remainder term of order 2 [Jam01]. 

For the high SNR regime, i.e., for g­¤, we obtain an approximated expression for the 

proposed error probability 

 23

4
eP g-º . (2.24) 

Diversity order, which is an important measure that we ultimately also need to keep track of, 

has been defined as the absolute values of the slopes of the error probability curve plotted on a 

log-log scale in high SNR regime [Sim05]. From (2.24) we can see that the error probability 

decays as 2g- , which means that our scheme achieves diversity order of 2. 

2.1.3 Performances 

A. PEP Analysis Validation 
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The analytical PEP derivation is corroborated by the BER performance obtained through 

Monte Carlo simulation for Rayleigh channels, for the RA scheme with 1 antenna in each 

relay, assuming error free transmission between BS and the RNs. Theoretical and simulated 

BER curves are shown in Figure 2-6, including the theoretical upper bound derived previously 

for high SNR regime. The simulation curve has approximately the same behaviour as that of 

the lower bound provided in (2.21), only differing for low SNRs. In real situations and at low 

SNRs, error events may correspond to paths that are not corresponding to the minimum 

distance, which results in the differences between the lower bound and simulated curves. 

These are anyhow lower than 1 dB and negligible for 
0 12 dBbE N ² . We can also observe 

that the simulated curve has the same linear decay as the asymptotic curve given by (2.24) for 

high SNRs, confirming the diversity order of 2. 
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Figure 2-6: Theoretical and simulated error probability for RA precoded scheme with M=1. 

B. Assumptions and Conditions 

In order to evaluate the performance of the presented RA schemes we considered a typical 

pedestrian scenario, based on LTE specifications [ITE2]. Namely: FFT size of 1024; number 

of available carriers set to 300; sampling frequency set to 15.36 MHz; useful symbol duration 

is 66.6 ɛs; prefix cyclic is 5.21 ɛs; overall OFDM symbol duration is 71.86 ɛs; sub-carrier 

separation is 15 kHz; number of OFDM symbols per block is 12; the velocities of the UT and 

the RN were set to 3 km/h. 

We used the International Telecommunication Union (ITU) pedestrian channel model B 

[ITE2], with the modified taps delays according to the sampling frequency defined on LTE 

standard. Concerning the MIMO model, we used the same spatial transmitter and receiver 

correlation matrixes for all the taps also defined in [ITE2]. Some assumptions were 
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considered for this work, such as: perfect CSI at the relays and at the UT; the transmitted 

power per time slot normalized to 1. 

In order to characterize propagation aspects as a whole, including the effects of path loss, 

shadowing, scattering and others, we considered different link quality combinations, 

quantifying it in terms of SNR, given by the ratio between the linkôs received power and noise 

power. We define different SNRs for the second-hop cooperative links: RN1ĄUT and 

RN2ĄUT, referred to as SNRc1 and SNRc2, respectively; and for the direct link (the 

alternative link between the BS and the UT of the non-cooperative systems) as SNRd. For 

simplicity and also assuming that the relays only forward BS data if decoding is correct, we do 

not refer to SNR differences in the first cooperative hop.  

Three propagation scenarios were accounted for, differing on those linksô SNRs, as shown in 

Table 2-2. In Scenario 1 we assume that all the links have the same quality conditions, i.e., 

SNRd=SNRc1=SNRc2. We also include scenarios where the cooperative links, i.e., RN1ĄUT 

and RN2ĄUT, have higher quality than the direct link. The choice of these scenarios derives 

from the fact that, in most real situations, the cooperative link has higher transmission quality 

conditions than the worse alternative direct link, since selection of relay nodes takes the 

transmission quality of both cooperative hops into account. We then define Scenario 2 where 

the link between RN1 and UT has a SNR 10 dB higher than the other two links, i.e., SNRd= 

SNRc2 and SNRc1=SNRd+10dB. Scenario 3 is our best quality cooperative scenario, where the 

entire cooperative path has better transmission quality conditions than the direct path, i.e., 

c1 c2 dSNR =SNR =SNR 10dB+ . 

Table 2-2: Propagation scenarios considered for Monte Carlo simulations. 

 dSNR  c1SNR  c2SNR  

Scenario 1 dSNR  dSNR  dSNR  

Scenario 2 dSNR  dSNR +10 dB dSNR  

Scenario 3 dSNR  dSNR +10 dB dSNR +10 dB 

 

In all considered systems, two information bits are transmitted per symbol interval, and thus 

all of them have the same spectral efficiency. In systems where a space-frequency code is 

needed for 2 transmitting antennas, the well-known Alamouti coding is implemented 

[Alam98]. In systems with 4 antennas transmitting simultaneously, we implement the QO-

SFBC code proposed by Tirkkonen, Boariu and Hottinen (TBH) [Tir00]. 

The schemes considered in our evaluations are presented next, where the former bullet 

includes the proposed ones and the following others are used as references: 

¶ Hereby proposed scheme, with precoded QPSK and Viterbi algorithm decoding, for 2 

relays with 1 and 2 antennas (RA Precoded 2×1×1 and RA Precoded 2×2×1, 

respectively); 
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¶ Distributed SFBC for 2 relays with 1 and 2 antennas using 16-QAM modulation (RA 

Alamouti 2×1×1 and RA TBH 2×2×1, respectively); 

¶ Non-cooperative 4x1 QPSK with QO-SFBC code with a continuous link available 

(Non-coop TBH 4×1); 

¶ Non-cooperative 2x1 QPSK Alamouti coding with a continuous link available (Non-

coop Alamouti 2×1). 

The results of the cooperative and non-cooperative schemes are presented in terms of bit error 

rate (BER) as a function of Eb/N0 of the direct link used for reference, where Eb is the received 

energy per bit at the UT and N0/2 is the bilateral noise power spectral density.  

C. Scheme with 1 Antenna in Each Relay 

Cooperative and reference systems performances for the case of 1 antenna in each relay (M=1) 

are shown in Figure 2-7 for Scenario 1. In this case, the reference systems presented are the 

non-cooperative Alamouti 2×1 and RA Alamouti 2×1×1 ones. 
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Figure 2-7: BER of cooperative systems with 1 antenna per relay and of reference systems for 

Scenario 1. 

When comparing the RA precoded scheme against RA Alamouti, we observe an improvement 

of 2.2 dB, for BER=10
-3

. This, in turn, derives from the precoding used in the proposed 

scheme, which mitigates some of the penalty resultant from the half-duplex constraint at the 

relays, avoiding the use of a higher modulation order. 

The proposed cooperative scheme outperforms the reference for high SNRs, i.e., 2×1 QPSK 

Alamouti coding with a continuous link available. This is justified by the correlation between 

the channels of co-located antennas in the reference system, contrarily to the RA schemes with 

independent channels in the cooperative links. 
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In Figure 2-8, the performance of the same schemes in Scenario 2 is presented. In this scenario 

conditions the proposed precoded scheme outperforms the equivalent non-cooperative system. 

Improvements of 8.2 dB is obtained in comparison with 2×1 Alamouti, for BER=10
-3

. The 

coding gain between the precoded scheme and the RA Alamouti is of 6 dB for the same BER 

conditions, which is higher than in the previous scenario.  
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Figure 2-8: BER of cooperative systems with 1 antenna per relay and of reference systems for 

Scenario 2. 

In Figure 2-9, both links between relays and UT have SNRs 10 dB higher than the direct link 

(Scenario 3). In this case, the cooperative schemes have the same resulting behaviour as in the 

previous scenarios, although the cooperative schemes achieve better performances, as 

expected. The difference between non-cooperative 2×1 and the RA precoded schemes is now 

more than 13 dB, for BER=10
-3

. 

Comparing with the distributed RA Alamouti, we have an improvement of about 2.2 dB in 

using the proposed code, for BER=10
-3

, which is the same difference than in Scenario 1.  
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Figure 2-9: BER of cooperative systems with 1 antenna per relay and of reference 

systems for Scenario 3. 

D. Scheme with 2 Antennas in Each Relay 

For the scheme with 2 antennas in RNs (M=2), the same study was made, for the same 

scenarios. In this case, the chosen reference systems are: the non-cooperative Alamouti 2×1 

and TBH 4×1 systems; and, the RA scheme with the TBH code applied to the relay nodes. 

In Figure 2-10, all the links have the same transmission conditions. In this scenario case, 

higher coding gains are obtained with the proposed algorithm than in Figure 2-7, as expected, 

since we have now 2 antennas in each relay. An enhancement of about 4 dB is achieved with 

the precoded RA scheme, compared with the cooperative scheme using TBH code, for 

BER=10
-3

. Comparing with the non-cooperative systems, the proposed scheme outperforms 

the non-cooperative system 2×1 by about 6.2 dB, for the same BER. The performance of the 

new algorithm also overpasses the non-cooperative system 4×1 for high SNRs, specifically for 

Eb/N0>8 dB. This happens because, not just because of high correlation between co-located 

antennas, but also because space-time codes for 4 antennas are not fully orthogonal, not 

achieving full diversity. 
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Figure 2-10: BER of cooperative systems with 2 antennas per relay and of reference systems for 

Scenario 1. 

For Scenario 2 (results in Figure 2-11), as expected, the difference between the RA and non-

cooperative systems is higher than in the previous scenario. The precoded RA scheme has 

improvements of 8 dB and more than 12.2 dB in comparison with the non-cooperative 2×1 

and 4×1 systems, respectively, for BER=10
-3

. As in the RA 2×1×1, the difference between the 

algorithms used in cooperative schemes is higher than in the first scenario, differing by about 

7.8 dB, for BER=10
-3

. 

For Scenario 3 (in Figure 2-12), even higher coding gains are obtained with cooperative 

systems, in comparison with the non-cooperative ones. For example, the proposed algorithm 

in comparison with the equivalent non-cooperative 4×1 system has a gain higher than 12 dB. 

The difference between both RA schemes is similar to the one in Scenario 1. 
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Figure 2-11: BER of cooperative systems with 2 antennas per relay and of reference systems for 

Scenario 2. 
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Figure 2-12: BER of cooperative systems with 2 antennas per relay and of reference systems for 

Scenario 3. 
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2.1.4 Conclusions  

The proposed precoding mitigates some of the penalty resulting from the half-duplex 

constraint at the relays. It brings the performance very close to the one achieved when a direct 

continuous link is available and SFBC coding is used at the BS, outperforming it for high 

SNRs due to correlation in co-located antennas and to the non-orthogonality of space-

frequency codes for 4 transmitting antennas. Improvements are obtained for scenarios where 

cooperative links have higher quality than the direct link, being more pronounced as the 

quality of the cooperative links increases. 

We observed that both precoded schemes outperform the equivalent distributed SFBC 

cooperative schemes, achieving better performance due to the coding gain obtained with 

precoding. Even for the most probable situation of asymmetric quality conditions between 

cooperative links, results show that the proposed scheme is better than the reference 

cooperative ones. In these cases, the difference between the 2 cooperative schemes is higher. 

For example, it is of about 7.8 dB for BER=10
-3

, considering the case of M=2. 

We also observe that the extra antenna in each relay leads to a considerable improvement in 

the overall system performance, which is at least of 3 dB for BER=10
-3

. Furthermore, the 

performance difference between the precoded schemes and the respective equivalent 

distributed SFBC schemes are higher for the case of having 2 antennas in each relay. 

From the presented results, it is clear that the proposed cooperative schemes can be used to 

extend the coverage mainly in scenarios where the quality of the direct link is poor, as is the 

case of cluttered urban environments. 

 

2.2 Channel estimation techniques for Relay-Assisted systems 

2.2.1 Scenario 

This section provides a study of channel estimation algorithms designed for downlink 

distributed SFBC RA schemes proposed in [D3.3a]. We consider the use of an antenna array 

at the base station with M antennas and a single antenna at the user terminal. At the relay node 

we consider either single antenna or an antenna array with L elements. The different antenna 

configurations are referred as M×L×1. The relay-assisted (RA) protocol considered is 

equalize-and-forward. The proposed scenario requires both CSI and a considerable number of 

parameters to perform optimal channel equalization at receiver side. We propose a time 

domain pilot-based scheme to estimate the channel impulse response. The BSĄRN channels 

are estimated at the RN and the information about the channelôs amplitude inserted in the pilot 

sequence. At the UT a time domain (TD) MMSE estimator estimates the equivalent channel 

from source to destination, taking into account the Alamouti equalization performed at the 

RN. The CSI estimation scheme we consider operates in the time domain because of the 

reduced complexity when compared against its implementation in frequency domain [Rib07].  

Figure 2-13 shows the corresponding block diagram of the envisioned scenario, with 

indication of channel estimation at the different points. The superscripts ()
(1)

.  and ()(2)
.  denote 

the first and the second phase of the EF protocol, respectively. In the different variables used, 

the subscripts u , r  and b  mean that these variables are related to the UT, RN and BS, 

respectively. The pilot symbols are multiplexed in data and the BS broadcasts the information 
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()
()1
k

x  (data and pilot) to the RN and UT. The information follows the direct and the relay paths 

and arrives at the UT and RN.  This processing corresponds to the phase I of the EF relay 

protocol. At the UT, the direct channels are estimated and the data are SFBC de-mapped and 

equalized. These two operations are referred as soft-decision which the result is the soft-

decision variable, in this case, 
()
()1
,u k

s . At the RN, pilots and data are separated; based on pilots, 

the channels BSĄRN are estimated and the soft-decision is performed. The result is the soft-

decision variable 
()
()1
,r k

s . Then, the new pilot symbols are multiplexed in 
()
()1
,r k

s  and the 

information 
()
()2
k

x  is transmitted / forwarded to the UT via RNĄUT channel. This second 

transmission corresponds to the phase II of the EF protocol. At the final destination, the 

required channel is estimated and the soft-decision is conducted in order to obtain the soft-

decision variable 
()
()2
,u k

s .After the second protocol phase the UT has the soft-variable provided 

by both the BS and RN. These variables are combined and hard-decoded.  
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Figure 2-13 : The block diagram of the relay-assisted scenario: M×L×1 scheme. 

2.2.2 Algorithm description  

According to the scenario previously described and presented in detail in [D3.3a], there are 

two direct channels BSĄUT to be estimate: 
()1,bu k

h  and 
()2,bu k

h which should be estimated at 

the UT during the first phase of the relaying protocol. These channels correspond to point-to-

point links thus conventional estimators can be used. The BSĄRN link, the channels 
()1,br k

h  

and 
()2,br k

h , also corresponds to point-to-point channels and they can be estimate by 

conventional estimators at the RN. However, for the RNĄUT link, and since the EF protocol 

is used, it is necessary to estimate a version of the channel RNĄUT, which depends on 
()k
a  

and 
()k
G , the equivalent channels 

() () ()ru ,k k l k
ha G , for 1,2l = . Note that the UT has no 
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knowledge of 
()k
a  and 

()k
G . These factors are dependent on 

()ru ,l k
h  which the UT has no 

knowledge as well. However, at the RN the channels 
(),rul k

h  are estimated, and based on that, 

the factor 
() ()k k
a G  is calculated. Therefore, we propose to transmit the factor 

() ()k k
a G  at the 

pilot subcarriers as pilots, according to the pilot pattern in Figure 2-14.  

Nt
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Time

: Data

: Pilot Subcarriers: antenna 1 RN
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: Pilot Subcarriers: antenna 2 RN

N
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Figure 2-14: Pilot allocation at the RN. 

Consequently, the new pilots are no longer constant and that may compromise the 

conventional TD-MMSE performance, since this estimator was designed assuming the pilots 

are unit with constant values at the destination. Although our approach enables the destination 

had knowledge of the non-constant pilot 
() ()( )k k
a G , the result of the convolution between the 

received signal and these pilots, would result in the overlapped replicas of CIR, according to 

Figure 2-15. 
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Figure 2-15: Pilots with non-constant values result in the overlapped replicas of the CIR. 

However, 
()k
a  depends on the noise variance 

()2 1

rs , 

 ()

() ()
() () () ()

2 2

1, 2,
2 12

1 1 Ĕ Ĕ,  where 
2

k k br k br k

rk k

h ha
s

å õ= G = +æ ö
ç ÷G +G

 (2.25) 
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and the product 
() ()k k
a G  tends to one for a high SNR value, according to (2.26). Also, (2.26)

suggests that the factor 
() ()k k
a G  varies exponentially according to the SNR, as depicted in 

Figure 2-16, where the RN is equipped with a single antenna. 

 
() ()

() ()
() ()

()

()22 12

1 1
1.

0
k k k k

krk k

a
s

å õ å õ
æ ö æ öG = G = G @
æ ö æ öG +æ öG +G

ç ÷ç ÷

 (2.26) 
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Figure 2-16: ()()k k
a G  vs. SNR. 

Other behaviour of the factor 
() ()k k
a G  can be demonstrated in terms of SNR and subcarriers, 

as presented in Figure 2-17. These plots show that in the first case, SNR=20dB, the 
() ()k k
a G  

factor presents an amplitude close to 1 with some negligible fluctuation. However, in the 

second case, SNR 2dB= , the result is likely different to the previous one: the 
() ()k k
a G  factor 

presents an amplitude also close to 1 but the fluctuation is not negligible.  
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Figure 2-17: ()()k k
a G  per subcarrier. 

The results in Figure 2-17 emphasize that transmit the factor 
() ()k k
a G  in the pilot subcarriers, 

may degrade the estimator performance and the causes are: 

1) Pilots with some fluctuation  in amplitude:  

Á  As the amplitude of the pilots at the destination are constant and equal to one, the 

result of the estimation is a spread of the replicas of the CIR. 

2) Decreasing the amplitude of the pilots:  

Á  The SNR of the pilots is decreased as well.   

3) The MMSE filter depends on the statistics of the channel BSĄRN  

Despite we are considering the TD-MMSE estimator in our analysis, the causes presented 

previously degrade the performance of any other estimator scheme as well. In order to 

quantify how these effects can degrade the estimator performance we evaluated the impact of 

both of them, separately, in a SISO system, since the BSĄRN and RNĄUT channels 

correspond to point-to-point links.  

First, we evaluate the case when the pilots have some fluctuation in amplitude. We consider 

that the pilots (originally with unit amplitude) had their amplitude disturbed by a noise with 

zero mean and variance equal to () (){ }
2

2 1
k kas aG=E - G . 2

asG quantifies how far the factor 

() ()k k
a G  would be from the pilots with unit amplitude.  We can express 2

asG as:  

 
() ()( ){ } () (){ }

2
2 1 2 .

k kas a aG G G
= +E G - E G (2.27) 

Therefore, the pilots are no longer constant and unit. They have some fluctuation in amplitude 

which depend on 
() ()k k
a G  and they are equal to 2

ĔĔ

1p n
a
s
G

= + ,  where n  has a normal 

distribution with zero mean and power 2asG. The performance of a SISO system with the 

pilots values given by 2p
asG

 is shown in Figure 2-18 (dash line). For reference, we also include 
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the SISO performance for unit pilots, 
1P . Since we are focused on the degradation of the 

estimator performance, the results are presented in terms of the normalized mean square error 

(MSE) and 0bE N , where bE  corresponds to the energy per bit received at UT and 0N  is the 

power spectrum density of the total noise which affects the information conveying signals. 

The normalized MSE, for a generic channel h , is given by: 

 
{ }
{ }

2

2

Ĕ

MSE .

h h

h

E -

=
E

 (2.28) 

For low values of SNR, [ ]0 4- , the major difference in performance between the two results 

is approximately 0.5dB, which is not a noticeable degradation and the estimator performance 

is not compromised.  
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Figure 2-18: Channel estimation MSE performance. 

The second effect to be evaluated is the decreasing of the amplitude of the transmitted pilot. In 

order to evaluate this effect we also consider a SISO system, for which the transmitted pilots 

assume different constant values, and consider different values of the factor 
() ()k k
a G  as pilot. 

The normalized MSE is given by (2.29). The result is shown in Figure 2-19 and for reference 

we include the SISO performance for unit pilots, 1P , as well.  

 
() () () (){ }

() (){ }

2

2

ĔĔĔ

MSE .
k k k k

k k

h h

h

a a

a

E G - G

=

E G

 (2.29) 
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Figure 2-19: Channel estimation MSE performance. 

The results show a constant shift in the MSE when the amplitude of the pilots is not unit. The 

shift presents in all results is not a real degradation it is caused by normalization presents in 

the MSE in (2.29). In fact, assuming a MSE without normalization the results are all the same.  

Transmit the factor 
() ()k k
a G  as pilot does not bring any noticeable degradation in the TD-

MMSE performance comparing to transmitting unit pilots. The major degradation occurs only 

when the pilots have some fluctuation in amplitude, as shown in Figure 2-18, and solely for 

low SNR values. 

The conventional MMSE filter is implemented to improve a channel estimate Ĕh  when the 

required channel corresponds to h . However, according to our cooperative scheme, we need 

estimate an equivalent channel 
() () () ()eq, ru ,k k k l k

h ha= G  for 1,2l = . Since the factor aG does not 

depend on ruh , the MMSE filter input correlation matrix for the channel eqh , referred Ĕ Ĕ
eq eqh h

R , 

is expressed by { } { }
2Ĕ Ĕ

c fru ru

H

eq eq n N Nh ha a
s

G G
E = +h h R R I  while the filter input-output cross-

correlation, referred as Ĕ
eq eqh h

R , is given by { } { }
Ĕ

ru ru

H

eq eq h ha aG G
E =h h R R , both Ĕ Ĕ

eq eqh h
R  and Ĕ

eq eqh h
R  

are c c

f f

N N

N N

å õ
³æ öæ ö

ç ÷

 matrices. Thus the MMSE filter, when eqh  is to be estimated, may be express 

as: 

 
{ } { }( )

1
2

MMSE, .
eq c fru ru ru ru

h n N Nh h h ha a a a
s

-

G G G G
= +W R R R R I  (2.30) 

As we shown previously in (2.26) the factor 
() ()k k
a G  tends to one for high values of SNR and 

examining (2.30), which depends on 
ĔĔaG, it is clear that (2.30) tends to 

( )
1

2

c fru ru ru ru
n N Nh h h h
s

-

+R R I  for high values of SNR as well. In order to show that several 

simulation were performed by taking into account Ĕ Ĕ
eq eqh h

R  and the noise variance 
()2 1

rs . 
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According to the Figure 2-20 the results show that the maximum value in the Ĕ Ĕ
eq eqh h

R matrix is 

close to -40 dB for high values of the noise variance. 
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Figure 2-20: Maximum value in the correlation matrix vs. noise variance. 

According to the results in Figure 2-18 and Figure 2-19 in terms of MSE, transmitting the 

factor 
() ()k k
a G  brings, in the worst case, 0.5dB of degradation reason why there is no need to 

increase the system complexity by implementing the filter in (2.30). We have shown that our 

cooperative scheme allows the use of the MMSE estimator without compromising its 

estimate. According to (2.26) the behaviour of the factor 
() ()k k
a G  does not depend on number 

of taps of the channel, it depends only on the noise variance 
()2 1

rs .  

Besides to estimate the equivalent channel it is necessary estimate the factors 
() () ()

2
2

ru,
Ĕ

k k k
ha G  

and 
() () ()
2

ru,k k k
a G G  , for 1L=  and 2L= , respectively. These parameters are required in the 

variance of the total noise, according to the following expression: 

 
()( )

() () ()
() ()

() () ()
() ()ru ,

2
2 1 2 22

r uru1,2

t, 2 1 2 22

r uru,

Ĕ ,  1
,

,      2
l k

k k k

h

k k k

h L

L

a s s
s

a s s

ë G + =î
=ì
î G G + =
í

 (2.31) 

where 
() ()

2 2

ru, ru ,
1

1 Ĕ
2

k l k
l

h
=

G =ä . 

  

Although the UT does not have individual knowledge of brlh , 
()k
a  and 

()k
G  it has knowledge 

of the second moment of the expected value of the channels, i.e. for all channels { }2 1hE =. 

Thus, we propose the use of the noise variance unconditioned to the channel realization, 2

ts , 
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instead of its instantaneous value 
()( )ru ,

2

t l kh
s . Therefore, 2

ts  is referred as the expectation value 

of the variance of the total noise and follows the expression: 
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 (2.32) 

Also we consider that the channels have identical statistics, i.e. 
() () ()2 1 2 1 2 2

u r us s s= = , for a 

single antenna at the RN 2

ts  can be numerically express as: 
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 (2.33) 

If we consider the premise of the cooperative transmission, high SNR compared to the SNR of 

the direct link, we have 
()2 2

u 1.5s <<  and after some mathematical manipulation (2.33) may be 

approximately express by ()2 22

t u

5

3
s s@ , for L=1. 

To assess the validity of using the averaged noise variance instead of the conditioned one we 

plot in Figure 2-21, the BER versus 0b NE  performance assuming perfect channel estimation 

is available at the receiver but considering the cases where the noise variance used is the 

conditioned one and the averaged ones.  
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Figure 2-21: System performance. 
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The performance penalty by using the averaged noise variance is less than 0.8dB which is a 

tolerable penalty to pay in order to obtain the variance of the total noise regarding the low 

complexity implementation. Therefore we consider the use of  2

ts  in our scheme. 

2.2.3 Performances 

A.  Simulation parameters 

In order to evaluate the performance of the presented RA schemes we considered a typical 

scenario, based on LTE specifications [ITE2]. In the simulations we used the ITU pedestrian 

channel model B at speed 10km hv= . The transmitted OFDM symbol carried pilot and data 

with a pilot separation 4fN =  and 1tN = . 

We focus our analysis on the 2×1×1 and 2×2×1 scenarios and the simulations were performed 

assuming that the channels are uncorrelated, the receiver is perfectly synchronized. In the 

2×1×1 and 2×2×1 schemes we use the TD-MMSE to estimate all the required channels and 

noise variances as well. 

The results are presented in terms of BER and MSE, both as function of 0bE N . The 

normalized MSE is defined according to (2.28). The MSE performance of the cooperative 

channel is evaluated by averaging the MSEôs of the direct and the relaying channel. Since the 

direct channel corresponds to a MISO its MSE is obtained also by averaging the MSE of the 

BSĄUT channels, both normalized. The MSE of the relaying channel corresponds to the 

MSE of the equivalent channel 
() () (),k k ru k

ha G  which is calculated according to (2.34).  

 
()() ()

() () () (){ }
() (){ }

ru ,

2

ru ru
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ĔĔĔ

MSE  = ,  for 1,2
lk k k

l lk k k k

h

lk k

h h

l

h
a

a a

a
G

E G - G

=

E G

 (2.34)

Thus the resulting MSE, i.e. the MSE of the cooperative channel, for the  2×2×1 scheme is 

given by: 

() ()( ) ()() () ()() ()( )
bu1, bu 2, ru1, ru2,

1 1 1
MSE = MSE MSE MSE MSE .

2 2 2k k k k k k k kh h h ha aG G

è ø
+ + +é ù

ê ú
 (2.35) 

B. Performance evaluation 

In order to validate the use of the proposed scheme, some simulations were performed using 

the TD-MMSE estimator. Figure 2-22 depicts the BER attained with perfect CSI and the TD-

MMSE estimator when the RN was employing the proposed pilots. The difference of 

performance is minimal in most of the cases and in the 2×1×1 scheme which is in the worst 

case this difference is 0.5dB.  

Figure 2-23 depicts the normalized MSEôs performance of the 2×1×1 scheme. These results 

show that the proposed pilot allocation, at the RN, according to section 2.2.2, allows the TD-

MMSE satisfactory estimate the required channel. When comparing the channel estimator for 

the link with relay against the one of the direct link, there is some penalty which accounts for 
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the additional noise added at the relay. The relative penalty decreases as 0bE N   increases and 

can be verified to converge to 2.2dB which is the factor of 5 3 that relates the total and 

individual noises in the asymptotic case of high SNR. According to Figure 2-24, this penalty 

is smaller in the 2×2×1 scheme, since the factor 
() ()k k
a G  presents a flatter behaviour.  
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Figure 2-22: System performance: RA 2×1×1 and RA 2×2×1 schemes. 
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Figure 2-23: Channel estimation MSE performance: RA 2×1×1 scheme. 
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Figure 2-24: Channel estimation MSE performance: RA 2×2×1 scheme. 

2.2.4 Conclusions 

We considered two problems of channel estimation in a relay-assisted scenario using the EF 

protocol. The channel estimation scheme was based on the TD-MMSE which leads to a 

significant complexity reduction when compared to its frequency domain counterpart. We 

proposed a scheme where the estimates of the BSĄRN link are inserted in the pilot positions 

in the RNĄUT transmission. For the channel estimation at the destination of the 

BSĄRNĄUT equivalent channel we analyzed several simplifying options enabling the 

operation of channel estimation namely the use of averaged statistics for the overall noise and 

the impact of the fluctuations in the amplitude of the equivalent channel. In the RA 2×1×1 

scheme is shown that in the asymptotic case of high SNR, and equal noise statistics at the 

relay and destination the penalty in the estimation equivalent channel is 2.2dB relatively to the 

case of a direct link using the same pilot density. This difference in performance is smaller in 

the RA 2×2×1 scheme since the equivalent channel presents a flatter behaviour. The resulting 

estimation was assessed in terms of the BER of the overall link through simulation with 

channel representative of a real scenario and the results have shown its effectiveness with a 

moderate complexity. 

 

 

2.3 Distributed LDPC coding over the single-relay cooperative channel 

2.3.1 Scenario 

This work deals with a new code design for LDPC coding schemes distributed over a source and a 

relay. The cooperative transmission system implements the decode-and-forward protocol, in which the 

relay first decodes the received signal, and then computes a new packet of parity bits which is 

forwarded to the destination, as illustrated at Figure 2-25.  
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Figure 2-25: Distributed LDPC coding in a Source-Relay-Destination scheme 

Thus, such a distributed coding scheme is closely related to incremental redundancy, and some 

approaches have been already proposed in the literature, which are mainly based either on serial or 

parallel code concatenation. From the code design point of view, the serial or parallel concatenation 

of LDPC codes has intrinsic limitations, mainly because parity-check matrices used for decoding at 

the relay and the destination are included one in the other, resulting in inappropriate matrix topologies 

(density on non-zero entries, column and row weight distributions, cycles, etc.).    

The proposed code design aims to create incremental redundancy for LDPC codes, while avoiding 

both code concatenation and code puncturing. It is based on a split-and-extend approach, which can 

be seen as the ñcoding analogous of the divide-and-conquer conceptò. After decoding the received 

signal, the relay computes extra parity bits by splitting parity-checks of the initial code. Hence, each 

extra parity bit is the sum of some subset of bits participating in the same parity-check of the initial 

code. Then the relay transmits these new parity bits towards the destination. The whole process 

amounts to create a new matrix, whose rows correspond to parity-checks involving both old and new 

parity bits. These parity-checks are therefore distributed over the relay channel, in the sense that part 

of checked bits are received on the source-to-destination link, and another part are received on the 

relay-to-destination link. Consequently, this new matrix can be used at the destination to jointly 

decode the received signals from both the source and relay. 

The proposed code design is introduced in Section 2.3.2. In Section 2.3.3 we show that the proposed 

design can be advantageously applied to existing codes, which allows for backward compatibility 

while addressing cooperation issues for evolving standards. In Section 2.3.4 we propose a ñcoding-

perspectiveò analysis of cooperative systems. We introduce threshold and capacity functions, and we 

derive density evolution equations for Split-Extended (SE) LDPC codes over the Gaussian relay 

channel. Numerical results are shown in Section 2.3.5 and Section 2.3.6 concludes this work. 

 

2.3.2 Algorithm description  

The basic idea of the split -extend design can be resumed as follows. Let 1H  be the parity-check 

matrix of the LDPC code broadcasted by the source to both relay and destination. Hence, broadcasted 

bits satisfy parity-check equations corresponding to the rows of 1H . After decoding the received 

signal, the relay computes extra parity bits by splitting these parity-checks, as illustrated at Figure 

2-26-(a). The parity-check in the middle corresponds to a row of 1H . In the left example, a new parity 

bit 1e  is created by splitting the original parity-check into two sub-checks. Precisely, this means that 

the set of bits connected to the check-node is partitioned into two subsets, and the parity bit 1e  is 

generated as the sum of the bits of either one of the two subsets. In the right example, two new parity 

bits 1e  and 2e  are created, by splitting the original parity-check into three parity-checks. Precisely, 

the set of bits connected to the check-node is partitioned into three subsets, and 1e  is generated as the 

sum of the bits in the first subset. Subsequently, 2e  can be generated either as the sum of 1e  and of 
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the bits in the second subset, or as the sum of the bits in the third subset. The total number of extra 

parity bits depends on the number of rows of 1H  and the number of extra bits generated for each row 

of 1H  (which may vary from one row to another). The sequence of all the extra parity bits, denoted 

by ( )2,, 21 eeE= , is then transmitted from the relay to the destination. The matrix H  obtained by 

the split-extension of 1H  (i.e. the incidence matrix of the split-extended graph) verifies 

( ) 0, =Ö
t

EXH , where X  denotes the codeword broadcasted by the source. Therefore, H  can be 

used at the destination in order to jointly decode the received signals from both source and relay. 

A more general example of split-extension is illustrated at Figure 2-26-(b). The original check-node is 

split into several sub-checks, and extended bits are generated in a repeat-accumulate manner. Such a 

split-extension will be referred to as repeat-accumulate split-extension. 

 

 

                           (a) Basic examples 

 

           (b) Repeat-Accumulate Split Extension 

Figure 2-26: Split-Extension examples 

2.3.3 Performances of Split-Extended WiMax LDPC codes 

This section highlights an interesting property of the proposed design: it can be advantageously 

applied to existing codes, which allows for addressing cooperation issues for evolving standards, 

while maintaining backward compatibility with a reduced impact on user equipment. To illustrate this, 

the LDPC codes from the IEEE.802.16e standard [IEEE802.16e] with coding rates 1/2 and 2/3 have 

been split-extended, such that the number of generated extended bits be equal to the number of 

information bits. Thus, for coding rate 1/2, each row of the parity-check matrix has been split into two 

rows; while for rate 2/3, each row of the parity-check matrix has been split into three rows (see Figure 

2-26-(a)). Splitting has been performed by a dedicated algorithm that searches for short cycles in the 

parity check matrix, then splits rows so as to break as many short cycles as possible. Base matrix of 

the Quasi-Cyclic (QC) LDPC WiMAX code with rate 1/2 and the corresponding split-extended matrix 

are shown in Figure 2-27 (ï1's entries of the base matrix are represented by a dash sign). 

Clearly, split-extended matrices can be used to address cooperation issues for uplink transmissions, in 

a completely transparent way for the user: the user encodes the transmitted signal by using the 

original parity check matrix; the relay decodes the signal, then computes and sends the sequence of 

extended parity bits to the base station, which will use the split-extended matrix in order to decode the 

received signals from both user and relay. Hence, split-extended matrix is only needed at the relay and 

the base station. For downlink transmissions, if the user terminal is equipped with split-extended 

matrices, the situation is symmetric. Otherwise, the relay can only repeat the sequence of information 

bits, which, however, provides the user with an energy gain on the information sequence. 
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Figure 2-27: Base matrix of the QC-LDPC WiMAx code with rate 1/2 (top) and the 

corresponding split-extended base-matrix (bottom)  

Simulation results over the AWGN relay channel, with QPSK modulation, are shown in Figure 2-28 

and Figure 2-29. The source broadcasts either the WiMAX code with rate 1/2 (Figure 2-28) or the 

WiMAX code with rate 2/3 (Figure 2-29), and the SNR on the source-to-relay link is fixed to 2.5 and 

4.5 dB, respectively. Both figures compare the performance of two cooperation scenarios: the relay 

generates and transmits extended bits in the first scenario, while in the second it forwards the (error-

corrected) sequence of information bits. Plotted curves represent SNRs required on source-to-

destination and relay-to-destination links, so as to obtain a target frame error rate either of 1E-2 

(dotted curves) or of 1E-4 (solid curves). The Self-Corrected Min-Sum algorithm [Sav08] is used for 

decoding at both relay and destination. The gap between the dotted and solid curves is determined by 

the slope of the frame error rate curves in the waterfall region. However, for the second scenario 

(repetition of the information sequence) the increased gap between the two curves for small SNRSD 

values is justified by a frame error rate error floor above 1E-4. Note also that only SNR pairs with 

SNRRD > SNRSD are likely to be encountered in practice. The SNR gain between the two scenarios 

can be measured either as the horizontal distance (for the source-to-destination link) or the vertical 

distance (for the relay-to-destination link) between corresponding curves. It can be observed that split-

extended codes achieve a significant SNR gain, in order of several dBs, over the repetition scenario. 
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Figure 2-28: Split-Extend vs. Repetition coding for WiMax code with rate 1/2 

 

Figure 2-29: Split-Extend vs. Repetition coding for WiMax code with rate 2/3 

2.3.4 Asymptotic analysis of SE-LDPC codes 

We denote by ( )rl,E  the ensemble of LDPC codes with edge-perspective degree distribution 

polynomials 1d

d
d

xl l -=ä  and 1d

d
d

xr r -=ä  [Ric01b]. It is well known that when the code length tends 

to infinity, (almost) all the codes of the family behave alike, and they exhibit a threshold phenomenon, 

separating the region where reliable transmission is possible from that where it is not [Ric01a]. 

Consider some channel model depending on a parameter s, such that the channel conditions worsens 

when s increases (for instance, the noise variance for the AWGN channel, or the error probability 

for the BSC channel). The threshold of the ensemble ( )rl,E  is defined as the supremum value of s 

(worst channel condition) that allows transmission with an arbitrary small error probability, assuming 

that the transmitted data is encoded with an arbitrary-length code of ( )rl,E . 
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The above threshold phenomenon can be extended to the relay channel, but the following must be 

taken into account:  

¶ the channel is modeled by three parameters SRs , SDs , and RDs , corresponding, with 

obvious notation, to the three links between source, relay, and destination; 

¶ the ensemble of SE-LDPC codes depends not only on l and r, but also on the splitting 

distribution. 

 

[Channel assumptions] Since we are strictly interested on code analysis, the following assumptions 

will be made: 

¶ when the relay fails to decode the received signal from the source, it does not transmit any 

information to the destination, 

¶ the relay channel is degraded, in the sense that the above parameters must satisfy 

SDSR ss <  and SDRD ss <  

 

[Distributed code] A linear distributed code of dimension K  is a vector subspace 21

22

NN
FFC ³Ë , 

such that C  and its projection on 1

2

N
F  are both of dimension K . The distributed rate of C  is by 

definition ( ) öö
÷

õ
ææ
ç

å
=

21

21 ,,
N

K

N

K
rr . Hence, 11¢r , but 2r  can be greater than 1. The overall coding rate 

is defined as 
21

21

21 rr

rr

NN

K
r

+
=

+
= . The idea behind is that the first 1N  bits of a codeword CcÍ  

are broadcasted from the source to both relay and destination and, in case that the relay manages to 

decode the received signal1, it computes and transmits the last 2N  bits toward the destination . 

 

[SE-LDPC ensembles] Let 1H  be the parity-check matrix of the LDPC code broadcasted by the 

source, and let 2²q . For each parity-check of 1H , assume that: 

¶ the set of bits connected to the parity-check is partitioned into q subsets of (almost) regular 

size; that is, each subset contains either ù
ú

ù
é
ê

é

q

d
 or ù

ù

ø
é
é

è

q

d
 bits participating in the parity-check, 

where d  denotes the parity-check degree, 

¶ extended bits are generated in a repeat-accumulate manner (Figure 2-26-(b)). 

The resulting distributed SE-LDPC code will be referred to as having splitting degree q. We denote 

by ( )rlq ,E   the ensemble of repeat-accumulate SE-LDPC with splitting degree q, obtained by split-

extending LDPC codes with edge-perspective degree distribution polynomials l and r. 

 

                                                      

1 Thus, this definition is dependent on the above channel assumptions. 
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2.3.4.1 SE-LDPC ensemble thresholds 

Given an ensemble of SE-LDPC codes, our intention is to separate the region of parameters (SRs , 

SDs , RDs ) where reliable transmission is possible from that where it is not.  

Let ( )rls ,*

1  be the threshold of the ( )rl,E  ensemble. If ( )rlss ,*

1SR> , the error decoding 

probability at the relay is lower bounded by a positive constant. Consequently, reliable cooperation 

cannot be achieved, as the relay does not transmit any information to the destination when it fails to 

decode the received signal, and the destination cannot reliably decode the signal received from the 

source, since ( )rlsss ,*

1SRSD >>   

From now on we consider that ( )rlss ,*

1SR< ; hence, we may assume error free2 transmission 

between source and  relay. We will also use the following notation: 

¶ RDss=  (we drop subscript RD), which will be referred to as noise parameter, 

¶ 1
RD

SD ²=
s

s
d , which will be referred to as channel discrepancy. 

The threshold function [ [ Á­¤+  ,1:*

,, rlqs  associates with each discrepancy value d the noise   

threshold ()ds rlq
*

,, , defined as the supremum value of s that allows transmission with an arbitrary 

small error probability, assuming that the transmitted data is encoded with an arbitrary-length 

distributed code from ( )rlq ,E . This definition makes sense only under the implicit assumption of a 

ñdistributed concentration theoremò, which can indeed be derived by using the same arguments as for 

the concentration theorem in[Ric01a]. The threshold function can be efficiently computed by tracking 

the density evolution of messages exchanged within the iterative decoding, as explained in the next 

section. 

2.3.4.2 Density evolution 

Throughout this section, we assume binary-input AWGN relay channel. We combine a multi-edge 

approach [Ric04] and the Gaussian approximation method proposed in [Chu01], in order to derive 

density evolution equations for the SE-LDPC code ensemble ( )rlq ,E . We separate the set of bit-

nodes of the split-expanded graph into two subsets: 

¶ type-1 bit-nodes, which correspond to bits received by the destination from the source, 

¶ type-2 bit-nodes, which correspond to extended bits received by the destination from the 

relay. 

We distinguish between type-1 and type-2 edges, according to whether they are incident to type-1 or 

type-2 bit-nodes. Moreover, check-node degrees are also defined type-wise. Hence, we say that a 

check-node is of degree ),( 21 dd  if it is connected to 1d  type-1 bit-nodes and 2d  type-2 bit-nodes. 

From our definition of SE-LDPC ensembles, it follows that the type-2 degree 2d  is equal either to 1 

or 2 (see Figure 2-26-(b)). Finally, for each type 2,1=t , we define: 

¶ 
[]t
dl  is the fraction of type- t  edges connected to bit-nodes of degree d , 

                                                      

2 With arbitrarily small error probability, as the code length tends to infinity. 
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¶ 
[]t

dd 21,r  is the fraction of type- t  edges connected to check-nodes of degree ),( 21 dd . 

It follows that 
[]

dd ll =1
, 

[] 12

2 =l  (
[] 02 =dl  for 2̧d ), while 

[]1
,idr  and 

[]2
,idr  ( 2,1=i ) can be 

computed as follows: 
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Now, under the belief-Propagation decoding, let 
)(
][

?
tv

m  denote the mean of outgoing messages from 

type- t  bit-nodes at iteration ?. Let also 
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Then, under the assumption that the messages exchanged during the iterative Belief-Propagation 

decoding are independent and symmetric Gaussian distributed, 
[]1
?r and 

[]2
?r  can be recursively 

computed by: 

[] []( ) [] [] []( ) [] [] []( )( )2
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121 1 ,1   ,1 ,1  , ---- ----= ?????? rrhrrhrr  
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  ,

2
  ,

s
f

ds
frr . The above recursion holds as long as ? is less 

than half the girth of the graph, which goes to infinity with the code-length, and the successful 

decoding condition for an ñinfiniteò code from ( )rlq ,E  can be expressed as 
[] []( ) 0  , 21 ­?? rr . 

Therefore, the threshold function defined in the above section, can be computed by: 

() [] []{ }0limlim    sup 21*

,, ===
¤­¤­
?

?
?

?
rrsds rlq  
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2.3.4.3 Theoretical limit 

In order to evaluate the performance of an ensemble of codes, we would like to compare its threshold 

function with the capacity function, inferred from the channel capacity. 

Capacities of various relaying strategies have been computed in [Cov79, Kho03, Kra05], and depend 

on the capacities of the three links. Since we assumed that source-to-relay transmission is error free3, 

we only consider the two other links. Let ()sgRD  denote the information rate capacity of the relay-to-

destination channel with parameter s, and let ()sgSD  be defined in a similar manner. The 

information rates are considered by transmitted bit, thus both () ()[ ]1 ,0, SDRD Ísgsg . We also assume 

that the noise parameter [ [¤+Í  ,0s  and ()sgRD , ()sgSD  are continuous decreasing functions, such 

that () ()100 SDRD ==gg  and () () 0limlim SDRD ==
¤­¤­

sgsg
ss

. 

Now, let ( )[ ][ [¤+³Í  ,01 ,0, 21 rr  be a target distributed coding rate. The capacity function 

[ [ [ [¤+­¤+  ,0 ,1:
21,rrg  is defined by ()sdg =

21,rr , where s is the unique solution of the equation: 

( ) ()
1

2

RD

1

SD =+
rr

sgdsg
 

Note that for 0=s , we have 
() ()

1
11100

1212

RD

1

SD ²²+=+
rrrrr

gg
, and 

( ) ()
0lim

2

RD

1

SD =+
¤­ rr

sgdsg

s
, 

thus such a solution always exists and it is unique, due to the above assumptions. 

The meaning of the capacity function is the following. Assume that we want to transmit information 

with distributed rate ( )21,rr  over some relay channel. The rate 1r  is chosen according to the quality of 

the channel between source and relay, such that to ensure error free transmission between them. The 

rate 2r  is generally chosen according to the delay constraints of the cooperation system. The question 

is to know if there exists a distributed code with distributed rate ( )21,rr  allowing error free4 

transmission. The answer is as follows. If the discrepancy and noise parameters ( )sd,  of the relay 

channel verify ()dgs
21,rr<  then such a distributed code exists. However, note that a code allowing 

error free transmission for some pair ( )sd, , might not be suitable for some other pair of parameters 

satisfying the above condition.  If ()dgs
21,rr> , then reliable transmission with distributed rate 

( )21,rr  is not possible. 

2.3.5 Numerical results 

We assume BI-AWGN relay channel throughout this section. The following degree distribution pair, 

with designed coding rate 1/2, was designed by exact density evolution, and its threshold5 over the BI-

AWGN channel is 9649.0* =s  [Ric01b]. 

                                                      

3
 In practice, the channel need not be error free; the assumption is that the SRs noise is below the threshold of 

the code broadcasted by the source. 

4
 Arbitrary small error probability when the code length goes to infinity. 

5 Note that the threshold calculated by Gaussian approximation is 0.9459. 
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First, we consider the SE-LDPC code ensemble ( )rl,2E . The designed distributed rate is 

( ) ö
÷

õ
æ
ç

å
= 1,

2

1
, 21 rr , meaning that the source broadcasts a code with rate 1/2, and the relay generates a 

number of extended-bits equal to the number of information bits. If the standard deviation of the white 

Gaussian noise on the source-to-relay link is less than the above threshold 
*s or, equivalently, the 

signal to noise ratio is greater than 70.2SNR* -=  dB6, we can assume error free transmission 

between source and relay. From our definition of the discrepancy, the signal to noise ratios on the 

source-to-destination and relay-to-destination links, are related by: 

D+= SDRD SNRSNR , 

where ( )210log10 d=D  is the discrepancy value in dB. The ensemble threshold and the capacity 

functions are plotted in Figure 2-30. We can observe that the gap between the two curves is relatively 

small (between 0.7 and 0.3 dB) for discrepancy values [ ]5.8 ,0ÍD , and it begins to increase starting 

from this point. Hence, if a discrepancy value 5.8>D  dB is not likely to be encountered in practice, 

the above SE-LDPC code can be used to achieve reliable communication for channel parameters 

( )sd,  very close to the capacity. 

[Remark] HARQ systems with incremental redundancy represent another possible application of the 

proposed SE-LDPC codes. In this case extended-bits are transmitted by the source as incremental 

redundancy, whenever the destination fails to decode the originally received signal. In such a case, the 

discrepancy is expected to take on relatively small values. 

 

Figure 2-30: Threshold vs. capacity function 

                                                      

6 Note that the theoretical limit is at 82.2- dB. 
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Figure 2-30 shows also the threshold function for the SE-LDPC code ensemble ( )rl,3E , whose 

designed distributed rate is ( ) ö
÷

õ
æ
ç

å
=

2

1
,

2

1
, 21 rr . We can observe that the gap between the threshold and 

the capacity curves is between 1 and 0.4 dB for discrepancy values [ ]20 ,0ÍD . This proves that split-

extending good codes for point-to-point communications results in good distributed codes for 

cooperative communications. 

2.3.6 Conclusions 

We proposed a new code-design method for LDPC coded cooperation, which is based on a split-and-

extend approach. First, we showed that the proposed design can be advantageously applied to existing 

codes, which allows for addressing cooperation issues for evolving standards. Subsequently, we 

introduced the concepts of threshold and capacity functions, and we derived density evolution 

equations for split-extended codes. Some ensemble thresholds have been presented, showing that 

codes optimized for point-to-point communications can be split-extended, so that the corresponding 

distributed codes perform close to the capacity of the relay channel for a wide range of discrepancy 

values. Finally, besides advantageous applications for cooperative transmission systems, the proposed 

design can also be used for communication systems employing HARQ schemes with incremental 

redundancy. 

 

2.4 Performance comparison of some distributed LDPC-coding algorithms 

in cooperative transmissions 

2.4.1 Introduction  

The following distributed FEC coding algorithm using turbocodes were presented and performance-

evaluated within the CODIV Project:  

¶ Repetition Distributed FEC Coding ï R-DFEC in section 6.4 of deliverable D5.2 [D5.2]; 

¶ distributed coding with incremental redundancy ï IR-DFEC in section 2.5 of deliverable 

D3.3a [D3.3a]; 

¶ hybrid distributed coding ï HIR-DFEC in section 2.5 of deliverable D3.3a [D3.3a]. 

In order to improve the spectral efficiency performances provided by these algorithms in the uplink 

connections of the cooperative transmissions, these algorithms were combined with a simple Network 

Coding technique (XOR based coding) generating the Separate Network and Channel Coding (SNCC) 

and Joint Network and Channel Coding (JNCC) algorithms, which were described and evaluated in 

sections 3.4 and 3.6 of deliverable D3.2a [D3.2a]. Section 3.5 of deliverable D3.2a contains the 

description of a low-complexity variant of the SNCC, LC-SNCC. 

All these cooperative coding algorithms were built using convolutional turbo codes (CTC). 

The performances provided by an adapted version of the SNCC and JNCC algorithms in the two-way 

relay channel (2w-RC) transmission structure, to transmit both in the DL and UL directions, were 

studied in section 3.7 of deliverable D3.2a [D3.2a], employing turbocodes, and in an internal note 

[IN020], using LDPC codes.  

Another type of cooperative coding algorithm studied were the cluster codes, which combine the 

cooperative network coding in the cooperation cluster with the channel coding of each component 
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link. Two cluster codes were presented and evaluated in section 2.6 of deliverable D3.3a, [D3.3a], one 

using the XOR as NC technique, while the other one used a Reed-Solomon code as network code.  

Though the cooperative DFEC algorithms built in a 2w-RC channel provide great spectral 

efficiencies, their insertion in the LTE-A and WiMAX systems, which are considered by the CODIV 

project, would require modification which would decrease significantly their spectral efficiency 

performances. 

The cooperative coding algorithms which include network coding techniques, namely the SNCC or 

the JNCC, and the cluster codes, using either XOR or RS codes as NC-techniques, provide better BER 

and spectral efficiency performances than the algorithms using only cooperative distributed FEC, but 

due to considerations regarding the cluster-assignment and maintaining algorithms and to 

implementation issues, these algorithms are less likely to be used in these systems, at least in a first 

phase.  

Therefore, for performance evaluation and inclusion the system-level and cell-level simulators we 

considered only the cooperative DFEC algorithms, namely the R-DFEC, IR-DFEC and HIR-DFEC.  

The studies performed showed that the BER and spectral efficiency performances of DFEC codes 

depend on the qualities of the channels that compose the cooperation cluster. These studies showed 

that these algorithms provide their best performance within different SNR domains, and therefore they 

should be used in an adaptive manner. This fact brings a new dimension to the adaptivity in 

cooperative transmissions, besides the adaptive use of the modulation and coding scheme. The main 

goal of this section is to establish the SNR domains of the composed cooperative channel, within 

which each of the IR-DFEC, R-DFEC algorithms (using LDPC codes) and the direct non-cooperative 

transmission, provide the highest spectral efficiency, while still observing an imposed target BLER. 

Some considerations will be made about the cooperative Simple-Relaying (SR), which currently 

considered in the two systems mentioned above for extending coverage. 

2.4.2 Description of the distributed coding algorithms employed 

2.4.2.1 Repetition Distributed Coding Algorithm  

The performances of the repetition distributed coding R-DFEC algorithm, presented in [D5.2] in a 

variant that uses convolutional turbocodes, are evaluated in this section using random LDPC codes for 

channel coding. For convenience, its brief description is presented below and Figure 2-31 shows 

schematically its operation.  
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Figure 2-31: Operations performed by repetition coding algorithm. 

This cooperative coding algorithm has two phases: 
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1. Broadcast phase: the coded block transmitted by the source is received by both the destination and 

the RN. In this phase the RN decodes (and corrects) the received block, while the destination node 

demodulates it, and stores the bit-Log-Likelihood Ratios (LLR) obtained after soft demapping. 

2. Relaying phase: the RN re-encodes the received info bits with the same code and transmits it on its 

own radio resources to the destination node. The destination node computes the LLRs of the received 

bits, by using soft demapping, and then combines the two sets of bit-LLRs, by addition, to obtain the 

data flow which is fed to the LDPC decoder. There should be noted that this approach provides 

diversity to the bits applied to the decoder. 

2.4.2.2 Simple Relaying algorithm 

The Simple-Relaying (SR) algorithm is a particular case of the R-DFEC algorithm, where the direct 

source-destination link is not considered at receiverôs decoder. This is equivalent to the addition of a 

set of null bit-LLRs to the bit-LLR received on the RN-destination link.  

2.4.2.3 Incremental Redundancy Algorithm 

The performances of the IR-DFEC cooperative algorithm, described and evaluated in [D3.3a] for 

CTCs, are evaluated in this section using LDPC codes, instead of turbo codes. The latter required 

puncturing of a mother code in the RN for obtaining the additional control bits, transmitted over the 

RN - destination link. For the LDPC transmission, additional redundancy is obtained by employing 

serially concatenated codes, by performing a successive encoding in the source and relay nodes, as 

shown in Figure 2-32. The two phases of the algorithm are presented below:  

1. Broadcast phase: the data block encoded, with code Cb, by the source is received by both the 

destination and relay nodes. The destination node demodulates the coded block using soft de-

mapping, while the relay node demodulates and decodes the coded block.  

2. Relaying phase: the RN re-encodes the entire block received from the source with a different code, 

Cr, and transmits only the resulted check bits. In the destination node, an iterative decoder is 

employed to obtain the information bits from the messages received on the direct source-destination 

and RN-destination links.  
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Figure 2-32: Operations performed by the IR-DFEC algorithm using concatenated LDPC 

codes. 
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2.4.3 Encoding and decoding of concatenated LDPC codes for the IR-DFEC algorithm 

2.4.3.1 LDPC Codes Employed 

All links employ random LDPC codes, i.e. the parity - check matrix is generated according to a 

pseudo ï random algorithm. The information blockôs length was chosen to be approximately constant, 

and the codeword lengths were obtained according to the rate of the code.  

The decoders in the destination and relay nodes employ the Message ï Passing (MP) algorithm 

[Kay99], which performs a predefined number of iterations to decode a codeword.  

2.4.3.2 Encoding and decoding of concatenated LDPC codes  

The operations that should be performed in each cooperative node in order to implement the 

concatenation of the LDPC codes are briefly described below.  

Source node: the source encodes constant length information blocks with code Cb, of rate Rc and 

length Nb. 

Relay node: it first decodes the coded block received from the source, on the broadcast channel, 

obtaining Nb decoded bits. This sequence is fed to the relay node encoder, Cr, with rate Rn and 

codeword length Nr. In other words, the coded data block received from the source becomes the 

informational block for the relay node encoder. From the new codeword obtained with code Cr, only 

the nCr check bits are modulated and transmitted over the RN ï destination channel.  

The global coding rate of the cooperative transmission employing concatenated LDPC is computed 

according to (2.36), where ni is the informational block length, nCb and nCr, the number of check bits 

of the broadcast code Cb and, respectively the relay code Cr. 

 b

r b

b r b b r

i Ci i
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+
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 (2.36) 

Destination decoder: the destination node combines the blocks received on the broadcast and relay 

links in order to obtain the information transmitted by the source. The decoder employs the two 

separate parity-check matrices corresponding to codes Cb and Cr , and its main steps are shown in 

Figure 2-33. 
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Figure 2-33: Processing performed by the iterative LDPC decoder in the destination node. 

The soft de-mapping algorithm provides the bit-LLRs for the Cb codeword and Crôs check bits, which 

are ordered to recompose the Cr codeword. Then it stores the LLRs of the Crôs bits and feds the ones 

of the Cbôs bits to the Cb decoder. This decoders provide the updated LLRs which are used to compute 

the extrinsic LLRs of the Cbós codeword bits. 

These LLRs are concatenated with the ones of Cr to build the updated Cr codeword, which is fed to 

the Cr decoder. It provides both the updated LLRs of the Cr codeword, LLRout, and the extrinsic LLRs 

of its bits, LLRe dec Cr.  

The LLRout set is used for the bit decision (Bayes), followed by a syndrome check. If the syndrome is 

null, the information bits are delivered as decoded data. If the syndrome doesnôt equal zero, the 

extrinsic LLRe dec Cr are sent to the decoderôs input to start a new pass.  

Actually during a pass through the decoding process, the decoders perform Bb or Br MP-iterations 

respectively, so that during a pass Bb + Br MP-iterations are performed by the two MP decoders.  

The algorithm stops when the syndrome equals zero or after a predefined number of passes. Note that 

a pass includes two MP decoding processes, where i denotes one of the two decoders. Both decoders 

perform the same number of iterations. 

2.4.4 Performance metrics 

The metrics used to evaluate the performances provided by the two DFEC algorithms in cooperative 

transmissions are the block-error rate (BLER) and the spectral efficiency. The block error rate and the 

bit-error rate, depend, besides the qualities of the involved channels, on the MP algorithm employed 

to decode the LDPC codes and on the codeword length employed. Since the bit and block error 

probabilities provided by the MP LDPC-decoder cannot be expressed in a close form for a given code 
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construction, in terms of the qualities of the involved channels and codeword length, the BLER values 

provided were obtained by computer simulations.  

As for the spectral efficiency, its computation is affected by a particular aspect imposed by the 

resource allocation algorithm. This algorithm allocates for the transmission of the codeword QAM 

symbols that do not occupy fully the subcarriers in the transmission frame. They are spread over 

several subcarriers, but do not occupy the same number of OFDM symbol periods. Moreover, the 

broadcast and the relay transmissions might employ different modulations. Therefore, a metric 

equivalent to the spectral efficiency would be the average number of bits/QAM symbol, which will be 

used hereinafter for performance evaluation. This approach was discussed in section 5 of deliverable 

D5.2 [D5.2] and will be summarized bellow for convenience.  

2.4.4.1 Spectral efficiency of the Repetition-DFEC and of Simple-Relaying algorithms 

To evaluate the time-frequency resources allocated to a UT within the transmission frame, there 

should be considered that not all the OFDM-symbol periods along a given sub-carrier are allocated to 

that UT. Then, we denote by Nsc
i
 the number of subcarriers allocated to user i, by NQj

i
 the number of 

QAM symbols allocated to user i on subcarrier j, by NQM the maximum number of QAM symbols on a 

subcarrier in the transmission frame, which equals the number of QAM-symbol periods of the frame, 

and by NQt
i
 the total number of QAM symbols allocated to that user. Hence, the total number of QAM 

symbols is expressed by the first term of (2.37). But, considering that the number of QAM symbols 

allocated to user i is constant for all the subcarriers where it gets resources, i.e. NQj
i
 = NQ

i
 for all j, we 

get the second expression of (2.37) 
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Then, the frequency bandwidth occupied by that user during the broadcast phase should be computed 

by multiplying N
i
sc-e, the equivalent number of fully occupied subcarriers, by the frequency separation 

between subcarriers fs. The equivalent frequency bandwidth occupied by user i is given by (2.38): 

 -= Ö = Ö
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 (2.38) 

The two transmitters, source and relay, might use different number of bits/QAM symbol, considering 

the qualities of the source-destination and source-relay channels on one hand, and relay-destination on 

the other hand. So, we will denote by nBM, the number of bit/QAM symbol transmitted by the source 

in ñbroadcastò phase and by nRM the one transmitted by the RN in the relaying phase. 

Considering that the numbers of bits that should be transmitted, for user i, in the two phases are equal, 

repetition coding, then the number of QAM symbols required for the relaying phase is different from 

the one required in the broadcast phase. If we considered the same numbers of QAM 

symbols/subcarrier allocated for the message NQ
i
, then the total number of fully occupied subcarriers 

required for the two phases, N
i
sct-e, is: 
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and the occupied equivalent frequency band would be obtained using (2.38) and (2.39): 

 1 1- -

å õ å õ
= Ö = Ö + Ö = Ö + Öæ ö æ ö

ç ÷ ç ÷

i
Qti i BM BM

t sct e s sc e s s
RM QM RM

Nn n
FB N f N f f

n N n
 (2.40) 



CODIV   D3.3b 

57/127 

Then the throughput provided by the cooperative transmission that uses repetition coding for a generic 

user i is given by (2.41), where fF denotes the frame rate. 

 ( )1- -= Ö Ö Ö Ö -i
rc F Qt BM c rc g rcf N n R BLERQ  (2.41) 

In (2.41) Rc-rc denotes the coding rate of the R-DFEC cooperative transmission, while BLERg-rc 

denotes the coded-block error probability provided by the R-DFEC after the final decoding in the 

destination, which depends on the qualities of the three channels involved. Note that the BLERg-rc 

should be smaller than or equal with a target value BLERt imposed by the application. 

The spectral efficiency is computed by dividing the throughput (2.41) to the total frequency band FBt 

(2.40), while taking into account the expression of NQt given by (2.37), i.e.: 
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The spectral efficiency of the SR algorithm has a similar expression to (2.42), but the BLERg-rc should 

be replaced by the BLERSR provided by this algorithm. The BLERSR approximately equals the sum of 

the BLERs provided by the two links, see (2.53), but for negligible BLERBR BLERSR.å BLERRN-UT.  

2.4.4.2 Spectral efficiency of the Incremental Redundancy-DFEC algorithm 

Considering that the number of information bits in a codeword is Ninfo, the numbers of bits/QAM 

symbol of the broadcast and relay transmissions are nBM and nRM and that the coding rates used in the 

two cooperation phases are Rc and Rn, the total number NsQt-IR of QAM symbols required to transmit 

the messages of one user during the two cooperation phases can be computed using a similar 

reasoning as above and is expressed by (2.43): 

 

( ) ( )1 1
1-

Ö - å õÖ -
= + = Ö + Öæ ö
Ö Ö ç ÷

=
Ö

inf o inf o n c ni i BM
sQt IR Qt

c BM n RM RM n

inf oi

Qt

c BM

N N R R Rn
N N

R n R n n R

N
N

R n

 (2.43) 

Then, the throughput provided by this algorithm is expressed by (2.44), where BLERg-ir is the block-

error rate after the destination decoding ensured by the IR-DFEC: 

 ( )1i
ir F Qt BM c g irf N n R BLERQ -= Ö Ö Ö Ö -  (2.44) 

The equivalent frequency band occupied by this transmission can be computed similarly to (2.40). 

The spectral efficiency provided by this algorithm is computed by dividing the throughput to the 

equivalent frequency band and is expressed by: 
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The difference between the spectral efficiencies of the two algorithms lies in the additional factor at 

the IR-DFECôs denominator, which shows that only check bits are transmitted during the relaying 

phase and depends on the two coding rates, and in the BLER values provided by the two algorithms.  

2.4.4.3 Spectral efficiency of the direct transmission 

For comparison, we consider the direct transmission that should ensure a BLERd smaller or equal to 

BLERt. Then it should use a different modulation and coding, according to the source-destination 

channel, by using nd bits/QAM symbol and an Rd coding rate. 

Denoting by NQtd the total number of QAM symbols required to transmit the coded block and 

considering NQM symbols per subcarrier, the number of fully occupied subcarriers required in the 

transmission frame is: 

 Qtd QM scdN N N= Ö  (2.46) 

The throughput provided by the direct transmission would be: 

 ( )1d F Qtd d d df N n R BLERQ = Ö Ö Ö Ö - (2.47) 

where the parameters should be chosen to ensure BLERd < BLERt. 

The number of fully occupied subcarriers Nscd required to transmit the codeword is determined using 

(2.46) and hence, the frequency bandwidth required would be:  

 = Ö = Ö
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d scd s s
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N
FB N f f
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 (2.48) 

Then the spectral efficiency provided by the direct link transmission is: 

 
( )1F QM d d d

d
s

f N n R BLER

f
b

Ö Ö Ö Ö -
=  (2.49) 

2.4.4.4 Average number of information bits correctly transmitted by a QAM symbol  

Analyzing the expressions of the spectral efficiencies provided by the R-DFEC, IR-DFEC algorithms 

and by the direct transmissions, (2.42), (2.45) and (2.49), it can be noticed that they share a common 

factor (fFĀNQM / fs) which is characteristic to the ñhostingò transmission system. Moreover, the 

employment of a cooperative algorithm or of the direct non-cooperative transmission should be 

decided by comparing their spectral efficiencies provided on the given set of channels, and selecting 

the one that provides the greatest spectral efficiency.  

Comparing the three spectral efficiencies and removing the common factor we get (2.50), where 

{SNRs} denotes the current set of values of the SNRs on the source-destination, RN-destination and 

RN-source channels, while BLER denotes the block-error rate of the respective algorithm for the 

current set of SNRs. 

The expressions in the last term of (2.50) represent the average numbers of information bits nb/sQ that 

could be correctly carried by the respective transmission configuration (modulation, code type and 

coding rate, cooperative algorithm or direct transmission). This is proportional to the spectral 

efficiency, but it is more convenient to be used in Link Adaptation algorithm, because the common 

factor mentioned above is a constant of the ñhostingò transmission system. 
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If we considered now that the transmission configuration selected should ensure a BLER smaller than 

BLERt and that the target BLER is small enough, e.g. BLERt < 1Ā10
-2
, then all factors containing the 

BLER could be approximated to 1 without affecting significantly the nb/sQ values, and (2.50) becomes:  
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In this case, each term represents the average number of information bits/QAM symbol that could be 

correctly transmitted while ensuring that BLER is smaller than an imposed target value, on the given 

set of SNRs. 

Each of the configurations considered would ensure the maximum nb/sQ in different SNR-domains of 

the channels involved. Therefore a configuration composed of modulation, code and coding rate and 

cooperative algorithm (or direct transmission) should be selected adaptively by the Link Adaptation 

algorithm. Note the new dimension of adaptivity brought by the selection of the cooperation algorithm 

(the direct transmission is a particular case when no cooperation is used). This approach has the 

advantage of a common management of the resources allocated for the broadcast and relaying phases. 

2.4.5 Comparison between the spectral efficiencies provided by the DFEC algorithms 

and non-cooperative transmission 

Inspecting the expressions of the nb/sQ provided by the three configurations analyzed or their 

approximate values, both expressed in (2.52), there could be seen that their values depend on the 

modulations used on the broadcast and relaying phases, on the coding rates and on the BLER 

provided. But the BLER provided by the MP-decoder for the LDPC codes cannot be determined 

analytically, in terms of the SNRs, and therefore, the comparison between the spectral efficiency 

performances would be made using computer simulations. 

If a small enough BLERt is imposed, the SNR domains where each configuration provides the greatest 

nb/sQ (expressed by the approximate values of (2.52)) would be determined also by computer 

simulations. Nevertheless, a qualitative comparison of the approximate nb/sQ provided by the three 

types of configurations, for BLER smaller than a low enough BLERt, shows that the direct 

transmission provides the greatest values, followed by IR-DFEC and by R-DFEC. There, should also 

be noted that the direct transmission is expected to require the greatest SNR values to ensure the 

highest nb/sQ, the IR-DFEC would provide the maximum spectral efficiency, out of the three 

approaches, for medium SNR values, while the R-DFEC would be the best option for small SNR 
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values. Also, note that the spectral efficiency provided by the R-DFEC, when it would be the best 

option, is expected to be smaller than the one provided by the IR-DFEC, in the SNR domain where it 

would the best option, which at its turn would be smaller than the spectral efficiency provided by the 

direct transmission in the regions where it would be the best option. 
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2.4.6 Considerations regarding the coded-block error probability  

2.4.6.1 Effect of the BLER on the source-RN link  

The employment of the cooperative algorithms with distributed coding, i.e. the R-DFEC and IR-

DFEC, in a cooperative link is schematically represented in Figure 2-34 for the downlink (DL) 

transmission. We denote by BLERcomb the coded-block error probability at destination (UT) if we 

consider source-RN (BS-RN) link error-free, and by BLERg the coded-block error probability at 

destination in real conditions (i.e. BLERBR Í 0). 

The analytical derivation of the global packet-error probability, BLERg, is affected by the BLERBR on 

the BS-RN link and by the BLERs of the RN-UT and BS-UT links. 
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Figure 2-34: Schematic representation of the cooperative link. 

The computation of the PERBR is depending on the QAM constellation employed, the coding gain of 

the code employed, on the decoding algorithm and on the coded block length. The coding gain and the 

decoding algorithm affect the BER vs. SNR, but the decoding algorithm also affects the distribution 

of the error-bits within coded blocks (the binomial law is no longer valid for turbo-convolutional and 

LDPC codes!). Moreover, the combining performed before the decoding in the UT in case of the R-

DFEC algorithm, i.e. the addition of LLRs received on the two links for each bit, complicates the 

BERcomb and PERcomb computation vs. SNRs, especially for the case when two different constellations 

are employed on the two links (nBM Í nRM). Additionally, it is hard to evaluate the effects of the erred-

bits on the BS-RN link upon the PERcomb. Indeed such erred-bits would lead to the transmission of two 

different messages, one ñgenuineò and one ñmodifiedò on the BS-UT and RN-UT links, and hence the 

probability of delivering a correct message at the UTôs decoder output is difficult to be derived. 

A simplified approach would consider that if a coded block is erred on the BS-RN link, it will then be 
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erred by the combined decoding performed at destination, the UT. Actually this is a ñworst caseñ 

approach, since some of the such-erred coded blocks might be corrected either due to the errors that 

might occur on the RN-UT link or due to the combined decoding algorithm at the UT. But the 

probability of this event is assumed to be very small and therefore it might be neglected. 

Then we may consider that a coded block is correctly decoded if it is correctly decoded over the     

BS-RN link (1-BLERBR) and if it is correctly decoded by the combined decoding of the two copies 

received by the UT on the BS-UT and RN-UT links, (1-BLERcomb). This leads to the expression (2.53) 

of the global BLER ensured by the cooperative link using either R-DFEC or IR-DFEC algorithms.  

 g BR comb BR comb BR combBLER BLER BLER BLER BLER BLER BLER= + - Ö º< +  (2.53) 

The approximation given by the last term of (2.53) is tighter for the R-DFEC algorithm, which employ 

usually a smaller coding rate Rc-rc and thus the BLERBR is likely to become negligible making the 

BLERg-rc to equal BLERcomb. As for the SR algorithm, the BLER comb should be replaced BLERRN-UT, 

since the destination receiver does not use the signal of the direct link.  

The IR-DFEC algorithm is more sensitive to errors on the source-destination link, BLERBR not very 

small, due to the fact that it uses only one of the concatenated codes on this link.  

2.4.6.2 Effects of the coded-block length 

As mentioned above, the adaptive use of transmission configurations means to select the 

configuration that provides the greatest nb/sQ, while ensuring BLER smaller than a target value. But 

the BLER value also depends on the coded-block length L. To circumvent this dependency, the BLER 

is linked to the BER provided by that transmission configuration for a given length of the coded 

block. 

If we considered either convolutional, or turbo-convolutional or LDPC codes, the distribution of the 

error-bits throughout the coded block leads to a smaller BLER than the BLER provided by the 

binomial law, for the same BER and coded-block length L, i.e.: 

 ( )1 1
L

t tBLER BER BLER< - - ¢  (2.54) 

But instead of computing the values of BERt corresponding to BLERt for all possible values of L, we 

consider the BERt that corresponds to the longest possible coded block. 

This approach is used in the 802.16j standard [IEEE802.16jPart16], which lists the SNR-thresholds 

required by each pair modulation + coding rate to provide a BERt = 1Ā10
-6
.  

Considering now the coded block lengths provisioned in the WiMAX standard, i.e. 32, 16, 8 and 2 

subchannels with 48 subcarriers/subchannel times 6, 4 or 2 bits/QAM symbol, we get lengths L 

ranging from Lmax = 9216 to Lmin = 192 bit/coded-block.  

For a BER < BERt = 1Ā10
-6,

, the block-coded error rate, computed using (2.54), ranges from BLERmax = 

1Ā10
-2
, for Lmax, to BLERmin = 2Ā10

-4
, for Lmin. 

This means that in order to select the configurations that should be used, relation (2.51) should be 

applied only to the configurations that are able to provide BER < BERt = 1Ā10
-6
 on the given channels. 

This would simplify the selection of the modulation and coding, because the target BER required 

would only be depending on the SNRs and would not be depending on the coded block length. 

2.4.7 Computer simulation results 

This section presents the nb/sQ, (average number of information bits/QAM symbol correctly decoded), 

performances provided by the direct link, and by the R-DFEC and IR-DFEC algorithms in terms of 
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the SNRs of the source (BS)-destination (UT) and RN ï destination (UT) channels. As shown in 

section 2.4.5, the adaptive employment of each configuration requires to establish the composed SNR 

domains (SNRBS-UT, SNRRN-UT and SNRBS-RN) where that configuration observes the condition BLER < 

BLERt. Therefore, the performance present evaluation focuses on the nb/sQ performances and on the 

composed SNR domains where the BLER condition is observed. It also presents a brief comparison 

between the BLER performances of the three transmission algorithms. The SNR of the source-RN 

link is assumed to be high enough to ensure a small BLERBR and make the effects of this channel upon 

the global BLER be negligible, see 2.4.6.1. 

The modulations considered are 4, 16 and 64-QAM and the number information bits of the coded 

block was set to 1152, to be an integer multiple of the Radio Resource Unit (RRU) used by the 

Resource Allocation block described in deliverable D4.4, [D4.4]. The coding rates employed are 

specific to each cooperative or non-cooperative transmission scheme and will be specified in the 

corresponding subsection. The lengths of the coded blocks were also chosen to be a multiple of 1152 

bits for the same reason as above. 

2.4.7.1 BLER and nb/sQ performances of the direct non-cooperative transmission 

The performances provided by the LDPC-coded direct non-cooperative transmissions are studied for 

the transmission structure described above. The LDPC random codes employed in simulations over 

the direct sourceïdestination (BS ï UT) link are presented in Table 2-3. The number of information 

bits in a coded block was chosen to be I=  1152 bits, in order to be a multiple of the transport capacity 

of the Radio Resource Unit (RRU) defined in deliverable D4.4 [D.4.4].  

Table 2-3: Coding rates and codeword lengths for BS - UT link  

Rate Codeword length No. Control Bits 

3/4 1536 384 

2/3 1746 594 

1/2 2304 1152 

1/3 3491 2339 

2.4.7.1.1 BER and BLER Performances 

The BLER and BLER performances provided by the employed LDPC codes on an AWGN channel 

and using 4-QAM, are shown in Figure 2-35 and Figure 2-36 

The coding gains ensured by these codes, considering a bit error rate threshold of BERt = 10
-6
, can be 

derived from Figure 2-35 and Figure 2-36 assuming that a non-coded 4-QAM transmission requires an 

SNR å 13 dB to ensure BER = 1Ā10
-6
, and are presented in Table 2-4. 

Table 2-4: Coding gains for the LDPC codes employed for the BS-UT link  

Coding Gain [dB] 

R = 1/3 R = 1/2 R = 2/3 R = 3/4 

10.5 9.5 8.25 7 

As explained in 2.4.6.2, imposing a BER<1Ā10
-6
 would ensure a BLER < 1Ā10

-2
 for the coded lengths 

considered.  

Note that the BER performances are inserted only to indicate the performance of the codes 

considered, while the BLER performance would be of interest only to establish the SNRs domains 

where the BLER ensured by a configuration would be smaller than the target BLER. 
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Figure 2-35: BER variation for BS-UT configurations (coding rate and QAM constellations) 

 
Figure 2-36: BLER variation for BS -UT configurations (coding rate and QAM constellations) 

2.4.7.1.2 nb/sQ vs. SNR performances 

As shown in section 2.4.4.4, the average number of information bits correctly decoded/QAM symbol 

is a metric equivalent to spectral efficiency, but independent of the transmission scheme parameters. 

The number of correct informational bits/QAM symbol is computed according to the method 

described in 2.4.4.3 and 2.4.4.4, and is expressed by (2.55), where nd denotes the number of bits/QAM 

symbol transmitted over the direct link, Rd, the coding rate and BLERd, the block error rate obtained 

from simulations for the configurations presented in Table 2-3.  

 ( )1b / sQ d d d dn n R BLER- = Ö Ö -  (2.55) 

The configurations chosen for analysis and their nominal spectral efficiencies, i.e. the nb/sQ values for 

BLER Ÿ 0, are given in Table 2-5. 

Table 2-5: nb/sQ for the configurations considered (modulation, coding rate and config. no.) 

Rd Ź                           nd Ÿ 2 4 6 
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3/4 1.5 (1) 3 (2) 4.5 (3) 

2/3 1.33 (4) 2.66 (5) 4 (6) 

1/2 1 (7) 2 (8) 3 (9) 

1/3 0.66 (10) 1.33 (11) 2 (12) 

Figure 2-37 shows the variation of the spectral efficiency curves computed using relation (2.55) and 

the BLER values obtained from simulations, presented in Figure 2-36. The figure also shows the SNR 

thresholds above which the BLER provided by each configuration is greater than BLERt = 1Ā10
-2
. 
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Figure 2-37: nb/sQ vs. SNRBS-UT for the direct link configurations. 

Out of the configurations presented in Table 2-5 and Figure 2-37, one should select the configurations 

that ensure the maximum nb/sQ for each SNR domain and a BLER smaller than BLERt. The analysis of 

these results indicates that three pairs of configuration, namely (11 and 4), (12 and 8), (9 and 2), 

provide respectively the same nominal numbers of bits/QAM symbol. Therefore, the ones that provide 

BLER < BLERt = 1Ā10
-2
 for a wider SNR domain, i.e. would ensure lower SNR threshold values, will 

be selected in the set, while the other three, namely 11, 12, and 9, will be removed. 

2.4.7.2 nb/sQ performances of the R-DFEC cooperative algorithm 

As described in section 2.4.2.1, the repetition distributed coding (R-DFEC) algorithm employs the 

same coding rate, Rc, both during the broadcast and relaying phase, but it might employ different 

QAM constellations, according to the SNRs of the source-destination and RN-destination channels. 

Denoting by nBM the number of bits/QAM symbol of the constellation used in the broadcast phase and 

by nRM the one used in the relaying phase, we have nBM Ò nRM.  

The performances provided by the R-DFEC algorithms were evaluated using random LDPC codes 

with the coding rates 3/4, 2/3 and 1/2 defined in Table 2-3.The Rc =1/3 was not used because by 

repeating the whole coded block the transmissionôs redundancy would have been to high, leading to a 

very small spectral efficiency provided by this algorithm.  

The average number of bits/QAM symbol correctly decoded by this algorithm is derived in sections 

2.4.4.1 and 2.4.4.4 and is expressed by (2.56), where Rc represents the coding rate and nBM and nRM are 

the number of bits/QAM symbol on the BS ï UT and RN ï UT links.  

 
( )1

1

BM c rc g rc
b / sQ rc

BM

RM

n R BLER
n

n

n

- -
-

Ö Ö -
=

å õ
+æ ö
ç ÷

 (2.56) 
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The factor nBM / nRM indicates the redundancy inserted by repeating the same coded block, but using 

either the same (nBM = nRM), or different (nBM Í nRM) constellations in the two cooperation 

phases.  

The nominal spectral efficiencies ensured by the configurations chosen for the R-DFEC algorithm are 

presented in Table 2-6. The table contains the number of the configuration in italics. 

Table 2-6: Number of bits/QAM symbol for the repetition coding configurations considered 

(QAM constellations and coding rates on the BS-UT and RN-UT links) 

nBMŸ 2 4 6 

RcŹ          nRMŸ 2 4 6 4 6 6 

3/4 0.75 (7) 1 (8) 1.125 (9) 1.5 (14) 1.8 (15) 2.25 (18) 

2/3 0.66 (4) 0.88 (5) 1 (6) 1.33 (12) 1.6 (13) 2 (17) 

1/2 0.5 (1) 0.66 (2) 0.75 (3) 1 (10) 1.2 (11) 1.5 (16) 

Out of the 18 configurations of Table 2-6, there are four groups that provide the same spectral 

efficiencies respectively, i.e. (4,2), (6,8,10), (7,3), (14,16). Therefore, the ones that provide BLER < 

BLERt = 1Ā10
-2
 for a wider {SNRBS-UT ; SNRRN-UT} domain, i.e. would ensure lower SNR threshold 

values, will be selected in the set, while the others will be removed 

The results presented in the next section assume a quasi error-free source-relay link (BS-RN for DL). 

The impact of the coded block error probability BLERBR on the source-RN link is discussed in 2.4.6.1. 

2.5.7.2.1 Effect of the different number of bits/QAM symbol on the RN-destination link 

As shown in (2.56), by using a greater QAM constellation on the RN ï UT link, we get on one hand, 

an increased nominal spectral efficiency (number of information bits transmitted on each QAM 

symbol), and on the other hand an increased bit error probability, hence the effective value of nb/sQ 

(number of information bits correctly decoded in each QAM symbol) decreases. This fact is shown in 

Figure 2-38, which presents the variation of nb/sQ vs. SNRBS-UT and SNRRN-UT for the three possible 

values of nRM and for negligible values of BLERBS-RN. Therefore, the increase of nb/sQ on the RN-UT 

link would ensure greater efficiencies (with up to 50%), only if the SNRs on the two channels were 

above certain threshold values. 

Considering that we should use configurations that ensure BLER < BLERt (e.g. BLERt = 10
-2
) for the 

given channels, it is of interest to establish the SNR domains where each configuration provides such 

BLER values. The variation of the {SNRBS-UT ; SNRRN-UT} thresholds, for which the configurations of 

Figure 2-38 ensure BLER < BLERt, are shown in Figure 2-39. 

The analysis of the simulation results shows that the threshold of the SNRBS-UT ranges in a wide 

domain, (-5; 4) dB for the SNRRN-UT ranging from 25 to -5 dB, and that the SNRBS-UT threshold takes 

smaller values for smaller modulations. The results of Figure 2-38 and Figure 2-39 show that in order 

to provide the highest nb/sQ and still observe BLER < BLERt the configurations should be used 

adaptively according to the values of the set of SNRs. 
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Figure 2-38: nb/sQ vs. SNRBS-UT and SNRRN-UT; R-DFEC Rc = 1/2, nBM = 2 and nRM = 2, 4 and 6. 

BERBS-RN Ò 10
-6
. 

 
Figure 2-39: Variation of the SNRBS-UT threshold for Rg = 1/2; nBM = 2 and nRM = 2, 4 and 6 for 

SNRRNïUT between -5 and 25 dB; R-DFEC. 

2.5.7.2.2 nb/SQ performances of the R-DFEC configurations 

This section presents the variations of the number nb/SQ of correctly decoded information bits/QAM 

symbol provided by the cooperative configurations defined in Table 2-3 and Table 2-6 when they use 

the R-DFEC algorithm with LDPC codes. 

Configurations with nBM = 2 

The performances provided by the configurations that use 4-QAM in the broadcast phase, and 4, 16 

and 64-QAM in the relaying phase are shown in Figure 2-40, while the limit values of the SNRBS-UT 

thresholds, for SNRRN-UT varying between [-3; 25]dB, are shown in Figure 2-41. 

The nine configurations ensure only six different values of nominal spectral efficiency, because 

configurations 4 and 2, 7 and 3 and 8, 6 ensure the same nominal spectral efficiencies of 0.66, 0.75 

and respectively 1 bit/QAM symbol. By using larger constellations on the RN-UT channel, the 

nominal spectral efficiencies increases significantly, but the SNRs on the two channels should be 

higher. The variations of the SNRBS-UT thresholds for which the configurations of Figure 2-40 ensure 

BLER smaller than BLERt = 1Ā10
-2
 are shown in Figure 2-41 for SNRRN-UT varying from -5 to 25 dB. 
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Figure 2-40: nb/sQ vs. SNRRN-UT and SNRBS-UT for Rc = 3/4, 2/3 and 1/2; with nBM = 2; nRM = 2, 4 

and 6; BERBS-RN < 10
-6
; R-DFEC. 

 
Figure 2-41: Variation of the SNRBS-UT threshold for Rg = 1/3, 1/2 and 2/3; nBM = 2 and nRM = 2, 4 

and 6 for SNRRNïUT between -5 and 25 dB; R-DFEC. 

It should be noted that the influence of the SNRRN-UT upon the SNRBS-UT value for which a 

configuration might be used, while observing BLER < BLERt = 10
-2 

is significant for all coding rates. 

This behaviour indicates that, for very low SNRs on the BS-UT channel, a simple relaying scheme, 

which would not combine the direct link at the receiver, might bring similar or even lower SNR 

thresholds. As expected, a smaller coding rate leads to lower values of the SNRBS-UT threshold. 

As for the pairs of configurations which provide the same nominal values of nb/sQ, the curves of Figure 

2-41 indicate that the respective configurations should be used in different {SNRBS-UT; SNRRN-UT} 

domains, where they ensure the BLER < BLERt condition as well. 

Configurations with nBM = 4 

The values of nb/sQ can be increased by using nBM = 4 in the broadcast phase. The variations of the nb/sQ 

vs. {SNRBS-UT ; SNRRN-UT} provided by the six configurations of Table 2-3and Table 2-6 which have 
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nBM = 4 are presented in Figure 2-42. 
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Figure 2-42: nb/sQ vs. SNRRN-UT; BS-UT for RC = 3/4, 2/3 and 1/2; with nBM = 4; nRM = 4 and 6; 

BERBS-RN < 10
-6
; R-DFEC 

The values of nbsQ increase compared to those provided by the configurations having nBM = 2, but the 

SNR domains where these configurations ensure the BLER < BLERt condition are placed at higher 

values, due to the employment of 16-QAN in the BS-UT link, as shown in Figure 2-43 

 
Figure 2-43: Variation of the SNRBS-UT threshold for Rg = 1/3, 1/2 and 2/3; nBM = 4 and nRM = 4 

and 6, for SNRRNïUT between -5 and 25 dB; R-DFEC 

Configurations with nBM = 6 

The variation of the nb/sQ vs. {SNRBS-UT; SNRRN-UT} provided by the configurations defined in Table 2-3 

and Table 2-6 which use nBM = 6, see are presented in Figure 2-44. The values of nb/sQ increase, 

reaching 2.25, but the SNR thresholds above which the BLER requirement is observed also are 

greater. The influence of the SNRRN-UT upon the SNRBS-UT threshold, shown in Figure 2-45, is similar to 

the case with nRM = 4. 
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Figure 2-44: nb/sQ vs. SNRRN-UT; BS-UT for Rc = 3/4, 2/3 and 1/2; with nBM = 6; nRM = 6;      BERBS-

RN < 10
-6
; R-DFEC 

 

Figure 2-45: Variation of the SNRBS-UT threshold for Rg = 1/2, 2/3, 3/4; nBM = 6 and nRM = 6 for 

SNRRN-UT between -5 and 25 dB; R-DFEC 

2.4.7.3 nb/sQ performances of the SR algorithm 

Since the SR algorithm is particular case of the D-FEC algorithm as shown in 2.4.2.2, its spectral 

efficiency should be computed similarly to the one of the R-DFEC, see 2.4.4.1, and the nb/sQ is 

computed using an expression similar to (2.56), but using BLERRS, which equals the sum of BLERBR 

and BLERRN-UT. But as shown in 2.4.6.1, if BLERBR å 0 we get that BLERSR equals BLERRN-UT.   

The variation of the nb/sQ vs. SNRRN-UT, provided by a SR configuration that uses Rc, nBM and nRM, is 

approximately equal to the nb/sQ provided by an R-DFEC configuration with the same parameters, 

considering SNRBSUT = -5 dB, i.e. very poor. This is because, the lack of the direct link is equivalent to 

a very poor SNRBS-UT, smaller than -5 dB, and in this case the bit-LLRs of the direct link message are 

distributed with a very small variance around zero. So, their addition to the bit-LLRs received on the 
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RN-UT link doesnôt change practically the values of the latter set and so the BLER ensured by the R-

DFEC is approximately equal to the one of the SR algorithm. 

Figure 2-46 shows the variation of nb/sQ vs. SNRRN-UT for an SR configuration and for an R-DFEC 

configuration with the same parameters, but SNRBS-UT = -5 dB. Both curves were obtained for BS-RN 

quasi error-free links. This figure and other comparisons performed showed that this way to 

approximate the nb/sQ performances of the SR algorithm provides very good accuracy. 

 

Figure 2-46: nb/sQ vs. SNRRN-UT provided by the SR and R-DFEC (SNRBS-UT = -5 dB) for          

nBM= nRM = 4; Rc = 1/2  

2.4.7.4 nb/sQ performances of the IR-DFEC cooperative algorithm 

Unlike repetition coding, the IR-DFEC algorithm employs different coding rates on the source-

destination and relay-destination links. The parameters of the LDPC codes employed for simulations, 

as well as the number of bits transmitted over each link are presented in Table 2-7. The global coding 

rates presented in the table are computed using (2.36). 

Table 2-7: LDPC coding rates, codeword lengths and number of bits transmitted on each link 

Table 2-8 presents the nominal spectral efficiency values for the incremental redundancy 

configurations, computed using (2.57), including those employing larger QAM constellations (nRM) on 

the RN-UT link. The number in italic represents the configurationôs index. 

Table 2-8: Number of bits/QAM symbol for the IR-DFEC configurations considered (rates of 

codes and QAM constellations) 

RCb RCr RgŹ  nBM-nRMŸ 2-2 2-4 2-6 4-4 4-6 6-6 

3/4 8/9 2/3 1.23 (7)  1.35 (8)  1.4 (9)  2.45 (14) 2.6 (15) 3.68 (18) 

2/3 3/4 1/2  1 (4) 1.142 (5) 1.2 (6) 2 (12) 2.18 (13) 3 (17) 

2/3 1/2 1/3 0.66 (1) 0.88 (2) 1 (3) 1.33 (10) 1.6 (11) 2 (16) 

Rg 

RCb 

(BS-UT) 

RCr 

(RN-UT) 

Code length 

BS-UT (Cb) 

Code length 

RN-UT (Cr) 

No. bits transmitted 

on BS-UT link  

No. bits transmitted 

on RN-UT link  

2/3 3/4 8/9 1536 1728 1536 192 

1/2 2/3 3/4 1746 2328 1746 582 

1/3 2/3 1/2 1746 3492 1746 1746 
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The factor ( )1c n nu R R / R= Ö -  is equivalent to the ratio between the additional check bits of code Cr 

transmitted over the RN-UT link (Na) and the number of bits transmitted on the BS-UT link. This 

factor shows the increased efficiency of the IR-DFEC algorithm as compared to the R-DFEC, see 

2.4.7.2, due to the smaller number of bits transmitted over the RN-UT link. This can also be remarked 

by comparing the values of the number of bits/QAM symbol delivered by the two cooperative 

algorithms which are provided in Table 2-8 (IR-DFEC) and Table 2-6 (R-DFEC). Out of the 18 

configurations presented in Table 2-8, only two pairs ensure the same number of bits/QAM symbol, 

i.e. configurations 3 and 4, and configurations 12 and 16. They should be used in the SNR domains 

where they ensure B(L)ER Ò B(L)ERt. The results presented in the next section are obtained by 

computer simulations, assuming, like for repetition coding, a quasi error-free BS-RN channel.  

2.4.7.4.1 Effect of the different number of bits/QAM symbol on the RN-destination link 

The employment of a larger QAM constellation on the RN ï UT link, leads, on the one hand, to the 

increase of the nominal spectral efficiency (number of information bits transmitted on each QAM 

symbol), but on the other hand it would also increase the bit error probability, see (2.57) and hence 

the effective spectral efficiency (number of information bits correctly decoded in each QAM symbol) 

decreases. This fact is shown in Figure 2-47 which presents the variation of nb/sQ vs. {SNRBS-UT; 

SNRRN-UT} for the three possible values of nRM and for negligible values of BLERBS-RN, see 2.4.6.2. So, 

the increase of the number of bits/QAM-symbol on the RN-UT link would ensure greater efficiencies 

(with up to 20%), only if the SNRs on the two channels were above certain threshold values.  

Since the Link Adaptation requires the employment of configurations that ensure BLER < BLERt (e.g. 

BLERt = 10
-2
), it is of interest to establish the SNR domains where each configuration provides such 

BLER values. The variation of the {SNRBS-UT ; SNRRN-UT} thresholds, where the configurations of 

Figure 2-47 ensure BLER < BLERt, are shown in Figure 2-48. The results of Figure 2-47 and Figure 

2-48 show that in order to provide the highest nb/sQ and still observe BLER < BLERt the configurations 

should be used adaptively according to the values of the set of SNRs. 
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Figure 2-47: nb/sQ vs. SNRBS-UT and SNRRN-UT; Rg = 1/2, nBM = 2 and nRM = 2, 4 and 6;             

BERBS-RN < 10
-6
. IR-DFEC 
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Figure 2-48: Variation of the SNRBS-UT threshold for Rg = 1/2; nBM = 2 and nRM = 2, 4 and 6 for 

SNRRNïUT between -3 and 25 dB. 

2.4.7.4.2 nb/SQ performances of the IR-DFEC configurations 

This section presents the variations of the number nb/SQ of correctly decoded information bits/QAM 

symbol provided by the cooperative configurations defined in Table 2-7 and Table 2-8 when they use 

the IR-DFEC algorithm with concatenated LDPC codes. 

Configurations with nBM = 2 

The performances provided by the configurations that use 4-QAM in the broadcast phase, and 4, 16 

and 64-QAM in the relaying phase are shown in Figure 2-49, while the limit values of the SNRBS-UT 

thresholds, for SNRRN-UT varying between [-3; 25]dB, are shown in Figure 2-50. 

The results of these figures show that the use of higher order modulations on the RN-UT link can 

increase nb/sQ significantly, but requires greater SNR values on the direct link. The rather small values 

of nb/sQ, up to 1.4 info bits/QAM symbol, are due the small value of nBM = 2. Note that the influence of 

the SNRRN-UT upon the SNRBS-UT value for which a configuration might be used, for BLER < BLERt = 

10
-2
,
 
is smaller for medium coding rates, but it gets greater for small coding rates. 
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